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Abstract
We show that 4–dimensional conformal field theory is most naturally formulated on
Kulkarni 4–folds, i. e. real 4–folds endowed with an integrable quaternionic structure.
This leads to a formalism that parallels very closely that of 2–dimensional conformal field
theory on Riemann surfaces. In this framework, the notion of Fueter analyticity, the
quaternionic analogue of complex analyticity, plays an essential role. Conformal fields
appear as sections of appropriate either harmonic real or Fueter holomorphic quaternionic
line bundles. In the free case, the field equations are statements of either harmonicity or
Fueter holomorphicity of the relevant conformal fields. We obtain compact quaternionic
expressions of such basic objects as the energy–momentum tensor and the gauge currents
for some basic models in terms of Kulkarni geometry. We also find a concise expression
of the conformal anomaly and a quaternionic 4–dimensional analogue of the Schwarzian
derivative describing the covariance of the quantum energy–momentum tensor. Finally,
we analyse the operator product expansions of free fields.
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1
0. Introduction
The success of 2–dimensional conformal field theory both in the study of critical
2–dimensional statistical mechanics and perturbative string theory is well known [1–3].
Higher dimensional conformal field theory is similarly relevant in critical higher dimensional
statistical physics and may eventually play an important role in membrane theory [4-6].
Unfortunately, so far it has failed to be as fruitful as its 2–dimensional counterpart in spite
of its considerable physical interest.
The basic reason of this failure is well–known. In 2 dimensions, the conformal algebra
is infinite dimensional and thus it strongly constraints the underlying field theory. It
is precisely this that renders 2–dimensional conformal field theory very predictive and
computationally efficient. In d > 2 dimensions, the conformal algebra is instead only
(d+ 1)(d+ 2)/2 dimensional and has therefore limited structural implications. There are
however other features of 2–dimensional conformal field theory, which turn out to be of
considerable salience and may generalize to higher dimensions.
In a 2–dimensional conformal model on an oriented Riemann surface Σ, the scale of the
background metric in the action can be absorbed into a multiplicative redefinition of the
dynamical fields by an appropriate power of the scale. The action can then be expressed
entirely in terms of the underlying conformal geometry. The fields become either functions
or sections of certain holomorphic line bundles on Σ. In the free case, the field equations
reduce to the condition of either harmonicity or holomorphicity of the fields. Complex
analyticity is therefore a distinguished feature of these field theoretic models allowing the
utilization of powerful methods of complex analysis such as the Cauchy integral formula
and the Laurent expansion theorem.
In a higher dimensional conformal model on a manifold X , the scale of the background
metric in the action can be similarly absorbed into a multiplicative redefinition of the fields
by some power of the scale and the action is again expressible entirely in terms of the
underlying conformal geometry, as in the 2–dimensional case. One may wonder if there
are higher dimensional generalizations of 2–dimensional complex analyticity of the same
salience. The present paper aims to show that this is in fact so in 4 dimensions. The form
of analyticity relevant to the 4–dimensional case is Fueter’s quaternionic analyticity. This
is stronger than real analyticity, as complex analyticity is, and yet is weak enough to be
fulfilled by a wide class of functions. It also allows for a straightforward generalization of
the main fundamental theorems of complex analysis [7].
By definition, a complex function f(z) of a complex variable z is holomorphic if it
satisfies the well-known Cauchy–Riemann equations ∂z¯f = 0. Similarly, a quaternionic
2
function f(q) of a quaternionic variable q is right (left) Fueter holomorphic if it satisfies
the right (left) Cauchy–Fueter equation f∂q¯R = 0 (∂q¯Lf = 0) [7], where
f∂q¯R =
1
4
(∂x0f + ∂xrfjr), ∂q¯Lf =
1
4
(∂x0f + jr∂xrf). (0.1)
for q = x0 + xrjr with x
0, xr real, jr, r = 1, 2, 3 being the standard generators of the
quaternion field H. Here, due to the non commutative nature of H, one distinguishes
between left and right Fueter analyticity.
We know that Riemann surfaces are the largest class of 2–folds allowing for global
notions of complex analyticity. It is therefore natural to look for the largest class of 4–
folds on which Fueter analyticity can be similarly globally defined.
The closest 4–dimensional analog of a Riemann surface is a Kulkarni 4–fold. A Kulka-
rni 4–fold X is a real 4–fold admitting an atlas of quaternionic coordinates q transforming
as
qα = (aαβqβ + bαβ)(cαβqβ + dαβ)
−1 (0.2)
for some constant matrix
(
aαβ bαβ
cαβ dαβ
)
∈ GL(2,H) [8]. As the 2–dimensional projective
quaternionic group PGL(2,H) is isomorphic to the orientation preserving 4–dimensional
conformal group SO0(5, 1), a Kulkarni 4–fold is just an oriented real 4–fold with a confor-
mal structure, much in the same way as a Riemann surface is an oriented 2–fold with a
conformal structure. Note the analogy of the transformations (0.2) with the well–known
complex Moebius transformations. In 2 dimensions, Moebius coordinates are just one of
infinitely many choices of coordinates compatible with the underlying conformal structure.
In 4 dimensions, the quaternionic coordinates q are conversely the only possible choice [9].
The Fueter operators (0.1) appear naturally in the geometry of Kulkarni 4–folds. One
can construct a Fueter complex (Ω0(X, ζ∗), δ), where the ζp are certain quaternionic line
bundles on X and δ is a differential built out of ∂q and ∂q¯, and show its equivalence to
the standard de Rham complex (Ω∗(X), d). Exploiting this property, one can show that
the spaces of closed (anti)selfdual 2–forms, which are two fundamental invariants of every
real 4–fold with an oriented conformal structure, are defined by a condition of right (left)
Fueter holomorphicity. Kulkarni 4–folds can be further equipped with a harmonic real
line bundle ρ and, in the spin case, with two right/left Fueter holomorphic quaternionic
line bundles ̟±. The actions of the flat d’Alembertian = ⋆1∂q¯∂q on real sections of
ρ and of the Fueter operator ∂¯R = ∂q¯Rdq¯ (∂¯L = dq¯∂q¯L) on quaternionic sections of ̟
+
(̟−) are therefore globally defined. These line bundles and operators are of considerable
salience because of their relation with the conformal d’Alembertian and the Dirac operator,
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respectively. All the above indicates that Fueter analyticity is a natural notion of regularity
on Kulkarni 4–folds.
The family of Kulkarni 4–fold is very vast. It contains such basic examples as S4 and
T 4 and topologically very complicated 4–folds as the oriented 4–dimensional Clifford-Klein
forms Γ\R4, and Γ\B1(R
4), the oriented 4–dimensional Hopf manifolds Γ\(S1 × S3) and
the flat sphere bundles on a Riemann surface B1(R
2) ×G S
2. Note that all the above
4–folds, like all oriented Riemann surfaces, are Kleinian manifolds.
A Kulkarni 4–fold X is naturally endowed with a canonical conformal class of locally
conformally flat metrics. These are the natural metrics for X . The Riemann 2–form, the
Ricci 1-form and the Ricci scalar of such metrics and all the objects derived from them
have particularly simple compact expressions in terms of the scale of the metric and the
underlying Kulkarni structure. Exploiting Fueter calculus, one can also derive the general
structure of Einstein locally conformally flat metrics, when they exist. Note once more the
analogy with the geometry of Riemann surfaces. However, while, in the case of Riemann
surfaces, every metric is automatically locally conformally flat and Einstein, the same is
no longer true in the case of Kulkarni 4–folds.
On a Kulkarni 4-foldX equipped with a compatible locally conformally flat metric, the
analogy of the geometry of 4– and 2–dimensional conformal field theory becomes manifest.
The fields appear as sections of either ρ or ̟± or derived line bundles and the action can
be expressed fully in the language of Kulkarni geometry. For instance, the action of the
standard conformal complex boson model with s/6 coupling can be cast as
I(φ, φ¯c) = −
8
π2
∫
X
φ¯c φ, (0.3)
with φ a complex section of ρ. The field equations of φ read simply as φ = 0 and thus
imply the harmonicity of φ. Similarly, the action of the standard massless Dirac fermion
model can be cast as
I(ψ+, ψ−, ψ˜+, ψ˜−) =
2
π2
Re
∫
X
[
ψ˜+∂¯R ∧ ⋆ dq ψ
− − ψ+∂¯R ∧ ⋆ dq ψ˜
−
]
(0.4)
=
2
π2
Re
∫
X
[
ψ˜+ ⋆ dq ∧ ∂¯Lψ
− − ψ+ ⋆ dq ∧ ∂¯Lψ˜
−
]
.
with ψ± complex Grassman sections of ̟±. ⋆ is similar to the Hodge star, but it de-
pends only on the Kulkarni geometry of X . The field equations of ψ+ (ψ−) read as
ψ+∂¯R = 0 (∂¯Lψ
− = 0) and imply the right (left) Fueter holomorphicity of ψ+ (ψ−). The
energy–momentum tensor and the gauge currents have similarly simple expressions and
geometrically clear properties in this formalism.
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In the quantum case, the operator product expansions of the quantum fields may be
formulated and analyzed exploiting harmonicity and Fueter holomorphicity, in a way very
close in spirit to the analogous approach of 2–dimensional conformal field theory. One can
further define a quaternionic conformally invariant quantum energy–momentum tensor Te.
The Ward identity obeyed by this can be expressed in terms of the underlying Kulkarni
geometry in the form
d ⋆ Te = 0 (0.5)
up to contact terms. Under a coordinate change of the form (0.2), Te transforms as
Teα = ζ3αβ
(
Teβ + ̺αβ
)
. (0.6)
Here, ̺αβ depends only on the underlying conformal geometry. So, the matching relation
(0.6) is completely analogous to that of the conformally invariant energy–momentum tensor
in 2–dimensional conformal field theory and ̺αβ is a 4–dimensional generalization of the
Schwarzian derivative.
The present paper is an attempt at generalizing some of the powerful techniques of
2–dimensional conformal field theory to higher dimensional field theory in a geometric
perspective. It is similar in spirit to but quite different in approach from the work of refs.
[10–11].
In sections 1, 2 and 3, we provide a detailed account of the quaternionic geometry of
Kulkarni 4–folds in a way that parallels as much as possible the standard treatment of the
geometry of Riemann surfaces. In sections 4 and 5, we analyze the geometric properties
of a 4–dimensional conformal field theory on a Kulkarni 4–fold respectively in the classical
and quantum case. In section 6, we provide a brief outlook of future developments
1. Quaternionic linear algebra and group theory
In this paper, we argue that the geometry underlying 4–dimensional conformal field
theory is quaternionic. In this section, we review briefly basic facts of quaternionic linear
algebra and group theory.
The quaternion field H is the non commutative field generated over R by the symbols
1 and jr, r = 1, 2, 3, subject to the relation
1
jrjs = −δrs + ǫrstjt. (1.1)
1 In this paper, we adopt the following conventions. The early Latin indices a through d
and middle Latin indices i through m take the values 0, 1, 2, 3. The middle Latin indices e
through g and the late Latin indices r through v take the values 1, 2, 3. Sum over repeated
indices is understood unless they appear on both sides of the same identity.
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Hence, a generic quaternion a ∈ H can be written as
a = a0 + arjr, a
0, ar ∈ R. (1.2)
Quaternionic conjugation is defined by
a¯ = a0 − arjr. (1.3)
The real and imaginary parts of a quaternion a ∈ H are defined, in analogy to the complex
case, as
Rea = (1/2)(a+ a¯) = a0, Ima = (1/2)(a− a¯) = arjr. (1.4)
The absolute value of a quaternion a ∈ H is given by
|a| = (a¯a)
1
2 = a0a0 + arar. (1.5)
The space Hn can be given the structure of right H linear space in natural fashion.
Further, it can be equipped with the right sesquilinear scalar product defined by
〈u, v〉 =
n∑
k=1
u¯kvk, u, v ∈ H. (1.6)
The n–dimensional quaternionic general linear group GL(n,H) is the group of invert-
ible n by n matrices with entries in H. Any T ∈ GL(n,H) defines by left matrix action a
right H linear operator on Hn. The n–dimensional symplectic group Sp(n) is the subgroup
of GL(n,H) formed by those operators leaving the scalar product (1.6) invariant.
HPn, the n dimensional quaternionic projective space, is the quotient of Hn+1 − {0}
by the right multiplicative action of the group H× of non zero quaternions.
The group PGL(n+ 1,H) is defined as
PGL(n+ 1,H) = GL(n+ 1,H)/R×, (1.7)
where R× is embedded in GL(n+ 1,H) as the subgroup R×1n+1. PGL(n+ 1,H) acts on
HPn by linear fractional transformations.
The case n = 1 will be of special relevance in what follows. GL(1,H) is simply the
group of non zero quaternions, i. e. GL(1,H) ∼= H×. Sp(1) is the group of quaternions of
unit absolute value, so Sp(1) ∼= SU(2).
(1.2) defines an isomorphism R4 ∼= H1. Under such an identification, one has [12]
Spin(4) ∼= Sp(1)× Sp(1), (1.8)
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SO(4) ∼= (Sp(1)× Sp(1))/Z2, (1.9)
where Z2 is embedded in Sp(1)× Sp(1) as {±(11, 11)}.
Similarly, S4 ∼= HP1. The group of orientation preserving conformal transformations
of S4 is the connected component of the identity of SO(5, 1), SO0(5, 1). The following
fundamental isomorphism holds [8–9]
SO0(5, 1) ∼= PGL(2,H). (1.10)
Explicitly, the action of PGL(2,H) on HP1 is given by
T (a) = (T11a+ T12)(T21a+ T22)
−1, a ∈ HP1 (1.11)
= (−aT−121 + T
−1
11)
−1(aT−122 − T
−1
12),
for T ∈ PGL(2,H). The above isomorphism fails to hold in 4n dimensions with n > 1,
since in fact SO0(4n + 1, 1) 6∼= PGL(n + 1,H). This is why the 4–dimensional case is so
special.
2. The Kulkarni 4–folds
In this paper, we argue that 4 dimensional conformal field theory is formulated most
naturally on a class of 4-folds admitting an integrable quaternionic structure, the Kulkarni
4–folds. In the first part of this section, we discuss the local and global quaternionic
geometry of such 4–folds. We define the Fueter complex and show its equivalence to the
De Rham complex. In the second part, we introduce the natural differential operators
of a Kulkarni 4–fold, the d’Alembertian and the Fueter operators, and show their global
definition. In the third and final part, we illustrate several basic examples.
Local quaternionic differential geometry of real 4–folds
Let X be a real 4–fold. Let x be a local coordinate of X of domain U . The four
components xi, i = 0, 1, 2, 3, of x can be assembled into a quaternionic coordinate q of
the same domain given by
q = x0 + xrjr. (2.1)
The coordinate vector fields ∂xi, i = 0, 1, 2, 3, can be similarly organized into a
quaternionic vector field ∂q given by
∂q =
1
4
(∂x0 − ∂xrjr). (2.2)
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Also, ∂q¯ = ∂q. ∂q is a quaternionic differential operator, called Fueter operator, acting
on the space of smooth H–valued functions f on U . Since the quaternion field is not
commutative, one must distinguish a left and a right action of ∂q: f∂qR = (1/4)(∂x0f −
∂xrfjr) and ∂qLf = (1/4)(∂x0f − jr∂xrf). If f is R–valued, then f∂qR = ∂qLf ≡ ∂qf . f
is right (left) Fueter holomorphic if f∂q¯R = 0 (∂q¯Lf = 0).
The linearly independent wedge products dxi1 ∧ · · · ∧ dxip with 0 ≤ i1 < · · · < ip ≤ 3
and 1 ≤ p ≤ 4 can similarly be assembled into a distinguished set of alternate wedge
products of the differentials dq and dq¯:
dq = dx0 + dxrjr, (2.3)
−
1
2
dq ∧ dq¯ =
(
dx0 ∧ dxt +
1
2
ǫrstdx
r ∧ dxs
)
jt, (2.4)
+
1
2
dq¯ ∧ dq =
(
dx0 ∧ dxt −
1
2
ǫrstdx
r ∧ dxs
)
jt,
1
6
dq ∧ dq¯ ∧ dq = dx1 ∧ dx2 ∧ dx3 −
1
2
ǫrstdx
0 ∧ dxr ∧ dxsjt, (2.5)
−
1
24
dq ∧ dq¯ ∧ dq ∧ dq¯ = +
1
24
dq¯ ∧ dq ∧ dq¯ ∧ dq = dx0 ∧ dx1 ∧ dx2 ∧ dx3. (2.6)
All the other combinations of dq and dq¯ of the same type can be obtained from these
by conjugation. Denoting by ⋆ the Hodge star operator with respect to the flat metric
h = dxi ⊗ dxi on U , one has
−
1
2
dq ∧ dq¯ = ⋆
(
−
1
2
dq ∧ dq¯
)
,
1
2
dq¯ ∧ dq = − ⋆
(1
2
dq¯ ∧ dq
)
, (2.7)
1
6
dq ∧ dq¯ ∧ dq = ⋆dq, (2.8)
−
1
24
dq ∧ dq¯ ∧ dq ∧ dq¯ = +
1
24
dq¯ ∧ dq ∧ dq¯ ∧ dq = ⋆1. (2.9)
For any p–form ω = 1
p!ωi1···ipdx
i1 ∧ · · · ∧ dxip on U with 1 ≤ p ≤ 4, one defines the
quaternionic components of ω by:
ωq = ω(∂q) =
1
4
(
ω0 − ωrjr
)
, p = 1, (2.10)
ωq¯q = ω(∂q¯, ∂q) = −
1
8
(
ω0r +
1
2
ǫrstωst
)
jr, p = 2, (2.11)
ωqq¯ = ω(∂q, ∂q¯) = +
1
8
(
ω0r −
1
2
ǫrstωst
)
jr,
ωqq¯q = ω(∂q, ∂q¯, ∂q) = −
3
32
(
ω123 +
1
2
ǫrstω0stjr
)
, p = 3, (2.12)
ωq¯qq¯q = ω(∂q¯, ∂q, ∂q¯, ∂q) = −
3
32
ω0123, p = 4, (2.13)
ωqq¯qq¯ = ω(∂q, ∂q¯, ∂q, ∂q¯) = +
3
32
ω0123.
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The remaining components are ωq¯ = ω(∂q¯), p = 1, and ωq¯qq¯ = ω(∂q¯, ∂q, ∂q¯), p = 3, and are
obtained by conjugation: ωq¯ = ωq and ωq¯qq¯ = −ωqq¯q. One can express ω in terms of its
components as follows:
ω = 4Re(ωqdq), p = 1, (2.14)
ω = −2Re(ωq¯qdq ∧ dq¯)− 2Re(ωqq¯dq¯ ∧ dq), p = 2, (2.15)
ω = −
16
9
Re(ωqq¯qdq ∧ dq¯ ∧ dq), p = 3, (2.16)
ω =
4
9
ωq¯qq¯qdq ∧ dq¯ ∧ dq ∧ dq¯ =
4
9
ωqq¯qq¯dq¯ ∧ dq ∧ dq¯ ∧ dq, p = 4. (2.17)
Note that, when p = 2, ω is ⋆–selfdual (⋆–antiselfdual) if and only if ωqq¯ = 0 (ωq¯q = 0).
From (2.10)–(2.13), for any p–form ω on U with 0 ≤ p ≤ 3, one has
(dω)q = ω∂qR = ∂qLω, p = 0, (2.18)
(dω)q¯q = ∂q¯Lωq − ωq¯∂qR, p = 1, (2.19)
(dω)qq¯ = ∂qLωq¯ − ωq∂q¯R,
(dω)qq¯q =
3
2
∂qLωq¯q +
3
2
ωqq¯∂qR, p = 2, (2.20)
(dω)q¯qq¯q = 2(∂q¯Lωqq¯q − ωq¯qq¯∂qR), p = 3, (2.21)
(dω)qq¯qq¯ = 2(∂qLωq¯qq¯ − ωqq¯q∂q¯R).
These identities show the relation between the de Rham differential d and the Fueter
operator ∂q.
Kulkarni 4–folds
The Kulkarni 4n–folds are the real 4n–folds uniformized by (HPn,PGL(n+1,H)) [8].
This condition turns out to be very restrictive. We are interested in the case where n = 1.
A Kulkarni 4–fold X is a real 4–fold 2 with an atlas {(Uα, qα)} of quaternionic
coordinates such that, for Uα ∩ Uβ 6= ∅, there is Tαβ ∈ PGL(2,H) such that
qα = Tαβ(qβ), (2.22)
where the right hand side is given by (1.11).
2 In this paper, we shall assume, unless otherwise stated, that a manifold has no
boundary.
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Global quaternionic differential geometry of Kulkarni 4–folds
Let X be a Kulkarni 4–fold. The local quaternionic tensorial structures defined on
each patch Uα of X , as described above, have very simple covariance properties under the
coordinate transformations (2.22), as we shall illustrate next.
For Uα ∩ Uβ 6= ∅, we define the matching functions
η+αβ = −qαTαβ21 + Tαβ11, η
−
αβ = Tαβ21qβ + Tαβ22. (2.23)
The η±αβ are nowhere vanishing on Uα ∩ Uβ since, as will be shown in a moment, the
invertible matching operators of the basic quaternionic tensorial structures are polynomial
in such objects.
The matching relation of the vector fields ∂qα of eq. (2.2) is
∂qα = η
−
αβ∂qβ(η
+
αβ)
−1. (2.24)
Proof. By differentiating (2.22) using (1.11), one gets (2.25) below, from which one reads
off the identity ∂xβixα
0 + ∂xβixα
sjs = η
+
αβ(δ0i + δrijr)(η
−
αβ)
−1. Using this relation and
(2.2), it is straightforward to derive (2.24). QED
The matching relations of the wedge products (2.3)–(2.6) are
dqα = η
+
αβdqβ(η
−
αβ)
−1, (2.25)
dqα ∧ dq¯α = |η
+
αβ |
2|η−αβ|
−2η+αβdqβ ∧ dq¯β(η
+
αβ)
−1, (2.26)
dq¯α ∧ dqα = |η
+
αβ |
2|η−αβ|
−2η−αβdq¯β ∧ dqβ(η
−
αβ)
−1,
dqα ∧ dq¯α ∧ dqα = |η
+
αβ |
2|η−αβ|
−2η+αβdqβ ∧ dq¯β ∧ dqβ(η
−
αβ)
−1, (2.27)
dqα ∧ dq¯α ∧ dqα ∧ dq¯α = |η
+
αβ |
4|η−αβ|
−4dqβ ∧ dq¯β ∧ dqβ ∧ dq¯β , (2.28)
dq¯α ∧ dqα ∧ dq¯α ∧ dqα = |η
+
αβ |
4|η−αβ|
−4dq¯β ∧ dqβ ∧ dq¯β ∧ dqβ .
The Hodge star operators ⋆α associated with the flat metrics hα defined above (2.7) match
as
⋆α = (|η
+
αβ ||η
−
αβ |
−1)−2(p−2) ⋆β on p−forms. (2.29)
Proof. (2.25) follows immediately from differentiating (2.22) using (1.11). (2.26)–(2.28) are
trivial consequences of (2.25). (2.29) follows from comparing (2.26)–(2.28) with (2.7)–(2.9).
QED
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The collection T = {Tαβ} associated with the coordinate changes (2.22) defines a
flat PGL(2,H) 1–cocycle on X . In general, this cocycle cannot be lifted to GL(2,H) by
choosing suitable GL(2,H) representatives of the Tαβ ∈ PGL(2,H). One has instead a
relation of the form
Tαγ = wαβγTαβTβγ , wαβγ = ±1, (2.30)
whenever Uα ∩ Uβ ∩ Uγ 6= ∅, where w = {wαβγ} is a flat Z2 2–cocycle on X .
Proof. Since T is a flat PGL(2,H) 1–cocycle on X and the center of PGL(2,H) is R×12,
(2.30) holds with w a flat R× 2-cocycle on X , by a standard theorem of obstruction
theory. From here, using (2.23), one can show that relation (2.31) below holds. Now,
set φαβ = |η
+
αβη
−
αβ |
1
2 . Now, using the relation TαβTβα = 12, implied by (2.30), one
can show that either Tαβ21 6= 0 and Tβα21 6= 0 or Tαβ21 = 0 and Tβα21 = 0 and, using
(2.23), one can further verify that φαβ = (|Tαβ21||Tβα21|
−1)
1
2 in the former case and
φαβ = (|Tαβ11||Tβα22|
−1)
1
2 in the latter case. φαβ is thus a positive constant and, from its
definition, it is clear that φαγ = |wαβγ|φαβφβγ whenever defined. Hence, |w| = {|wαβγ |}
is a trivial flat R+ 2–cocycle on X . So, choices can be made so that w is a Z2 2-cocycle
on X . QED
From (2.23) and (2.30), it follows that
η±αγ = wαβγη
±
αβη
±
βγ , (2.31)
when Uα∩Uβ∩Uγ 6= ∅. So, w is the obstruction preventing the smooth GL(1,H) 1–cochain
η± = {η±αβ} on X from being a 1–cocycle.
Note that |η±| = {|η±αβ |} is in any case a smooth R+ 1–cocycle.
The flat GL(2,H) 1–cochain T is defined up to a redefinition of the form Tαβ →
cαβTαβ, where c = {cαβ} is a flat R× 1–cocycle. Correspondingly, the smooth GL(1,H)
1–cochain η± gets redefined as η±αβ → cαβη
±
αβ, Now, the flat R× 1–cocycle c can be
viewed canonically as a pair (n, a), where n and a are respectively a flat R+ 1–cocycle and
a flat flat Z2 1–cocycle. The geometric structures, which we shall construct below, are
independent from n but do depend on a in general.
Define
ζ1 = η
−
L ⊗ η
+
R, (2.32)
ζ±2 = |η
+|−2 ⊗ |η−|2 ⊗ η±L ⊗ η
±
R|ImH, (2.33)
ζ3 = |η
+|−2 ⊗ |η−|2 ⊗ η−L ⊗ η
+
R, (2.34)
ζ4 = |η
+|−4 ⊗ |η−|4, (2.35)
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where for u, v ∈ H× ∼= GL(1,H), uL ⊗ vR is the R linear operator on H defined by
(uL ⊗ vR)a = uav
−1 for a ∈ H. Then, ζ1 and ζ3 are smooth (GL(1,H) × GL(1,H))/R×
1-cocycles, where R× is embedded into GL(1,H)×GL(1,H) as R×(11, 11); ζ
±
2 is a smooth
PGL(1,H) 1–cocycle; ζ4 is a smooth R+ 1–cocycle.
Proof. This follows readily from the definitions and from (2.31). QED
Let ω ∈ Ωp(X) be a p–form 3. Using (2.10)–(2.13), we can associate with ω the
collection of its local components on the coordinate patches Uα. If ω ∈ Ω
1(X), ωq =
{ωqα} ∈ Ω
0(X, ζ1) and the map ω → ωq is an R–linear isomorphism of Ω
1(X) onto
Ω0(X, ζ1). On account of (2.29), the spaces Ω
2±(X) of ⋆–(anti)selfdual 2–forms on X are
covariantly defined. If ω ∈ Ω2+(X), ωq¯q = {ωq¯qα} ∈ Ω
0(X, ζ+2 ) and the map ω → ωq¯q
is an R–linear isomorphism of Ω2+(X) onto Ω0(X, ζ+2 ) and, similarly, if ω ∈ Ω
2−(X),
ωqq¯ = {ωqq¯α} ∈ Ω
0(X, ζ−2 ) and the map ω → ωqq¯ is an R–linear isomorphism of Ω
2−(X)
onto Ω0(X, ζ−2 ). If ω ∈ Ω
3(X), ωqq¯q = {ωqq¯qα} ∈ Ω
0(X, ζ3) and the map ω → ωqq¯q is an
R–linear isomorphism of Ω3(X) onto Ω0(X, ζ3). Finally, if ω ∈ Ω
4(X), ωq¯qq¯q = {ωq¯qq¯qα} ∈
Ω0(X, ζ4) and ωqq¯qq¯ = {ωqq¯qq¯α} ∈ Ω
0(X, ζ4) and the maps ω → ωq¯qq¯q and ω → ωqq¯qq¯ are
both R–linear isomorphisms of Ω4(X) onto Ω0(X, ζ4).
Proof. This follows easily from the definition of the quaternionic components of the form
ω, given in (2.10)–(2.13), and from (2.24) upon taking (2.32)–(2.35) into account. For
p = 1, one has ωqα = ω(∂qα) = ω(η
−
αβ∂qβ(η
+
αβ)
−1) = η−αβω(∂qβ)(η
+
αβ)
−1 = ζ1αβωqβ.
The proof for the other p values is analogous. QED
By the above isomorphisms, the standard de Rham complex
d+ Ω2+(X) d
d ր ց d
Ω0(X) −→ Ω1(X) Ω3(X) −→ Ω4(X)
ց ր
d− Ω2−(X) d
(2.36)
is equivalent to the Fueter complex
δ+ Ω0(X, ζ+2 ) δ
δ ր ց δ
Ω0(X) −→ Ω0(X, ζ1) Ω
0(X, ζ3) −→ Ω
0(X, ζ4)
ց ր
δ− Ω0(X, ζ−2 ) δ
, (2.37)
3 Let V be a F vector space. When ξ is a smooth GL(V ) 1–cocycle on the non empty
open subset O of X , we denote by Ωp(O, ξ) the F vector space of p–form sections of ξ on
O. In particular, Ωp(O) is the space of real p–forms on O.
12
where the Fueter operators δ are defined by the right hand sides of (2.18)–(2.21), with
δ+ and δ− corresponding respectively to the first and second expression (2.19). The two
definitions of the last δ differ only by their sign.
From here, one sees that a 2–form ω ∈ Ω2+(X) (ω ∈ Ω2−(X)) is closed if and only if
ωq¯q∂q¯R = 0 (∂q¯Lωqq¯ = 0), that is if and only if ωq¯q (ωqq¯) is right (left) Fueter holomorphic.
Proof. Let ω ∈ Ω2+(X). Then, ωqq¯ = 0. So, if further dω = 0, one has ωq¯q∂q¯R =
−∂qLωq¯q = −
2
3
(dω)qq¯q = 0, by (2.11) and (2.20). The corresponding statement for a
closed ω ∈ Ω2−(X) can be proven in analogous manner. QED
The spaces of closed (anti)selfdual 2–forms are important invariants of any real 4–fold
endowed with a conformal structure. The above proposition shows that, on a Kulkarni
4–fold, such spaces are defined by a condition of Fueter holomorphicity. We believe that
this result highlights quite clearly the relevance of Fueter analyticity to the geometry of
Kulkarni 4–folds.
The 1–cocycle ρ and the d’Alembert operator 4
Let X be a Kulkarni 4-fold. We set
ρ = |η+|−1 ⊗ |η−|. (2.38)
Then, ρ is a smooth R+ 1–cocycle.
Proof. This follows immediately from the definition and from (2.31). QED
Let F ∈ Ω0(X, ρ). Set
F = ∂q¯∂qF ⋆ 1 (2.39)
on each coordinate patch. Then, F = {( F )α} ∈ Ω
4(X, ρ−1).
Proof. Let (U, q) be a quaternionic chart of X and let f ∈ Ω0(U). Then,
∂q¯∂qf ⋆ 1 =
1
16
d ⋆ df. (2.40)
This relation can be easily checked by evaluating the right hand side in terms of the
components of the real coordinate x contained in q (cf. eq. (2.1)). Using (2.29), (2.40)
and (2.38) and the matching relation Fα = ραβFβ, one finds
∂q¯α∂qαFα ⋆α 1 = −∂q¯β∂qβ(ραβ
−1)Fβ ⋆β 1 + ραβ
−1∂q¯β∂qβFβ ⋆β 1. (2.41)
4 In the mathematical literature, this operator is usually called Laplacian and is denoted
by ∆. In the spirit of field theory, we rather think of it as the Euclidean version of the
d’Alembert operator .
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Now, using the relation TαβTβα = 12 implied by (2.30), one can show that either Tαβ21 6= 0
and Tβα21 6= 0 or Tαβ21 = 0 and Tβα21 = 0 and, using further (2.23), one can verify that
ραβ = |Tαβ21||Tβα21||qβ + Tαβ21
−1Tαβ22|
2 in the former case and ραβ = |Tαβ22||Tβα11| in
the latter case. Using these expressions, one finds that
∂q¯β∂qβ(ραβ
−1) = 0 (2.42)
by direct computation. The statement follows now readily from (2.41) and (2.42). QED
Note that, in terms of the real coordinate x contained in q, F = 116(∂x0∂x0 +
∂xr∂xr)F ⋆1. So, is essentially the euclidean d’Alembertian operator. (2.42) shows then
that the 1-cocycle ρ is harmonic. This allows for a global definition of harmonicity on a
Kulkarni 4–fold X . An element F ∈ Ω0(X, ρ) is said harmonic if F = 0. In such a case,
F is given locally by the real part of some Fueter holomorphic function K [7].
The 1–cocycles ̟± and the operators ∂¯R,L
Let X be a Kulkarni 4–fold such that w = 1. We set
̟+ = |η+|
1
2 ⊗ |η−|−
3
2 ⊗ η+R, ̟
− = |η+|−
3
2 ⊗ |η−|
1
2 ⊗ η−L, (2.43)
where for u ∈ H× ∼= GL(1,H), uR (uL) is the the left (right) H linear operator on H
defined by uRa = au
−1 (uLa = ua) for a ∈ H. Then, ̟
± is a smooth GL(1,H) 1–cocycle
on X .
Proof. This follows readily from (2.31), taking into account that w = 1 in this case, by
assumption. QED
Note that ̟± depends on the choice of a Z2 1–cocycle a, as discussed above (2.32). We
assume that a choice is made once and for all.
For Φ ∈ Ω0(X,̟+) and Ψ ∈ Ω0(X,̟−), we set
Φ∂¯R = Φ∂q¯Rdq¯, ∂¯LΨ = dq¯∂q¯LΨ (2.44)
on each coordinate patch. Then, Φ∂¯R = {(Φ∂¯R)α} ∈ Ω
1(X,̟+) and ∂¯LΨ = {(∂¯LΨ)α} ∈
Ω1(X,̟−).
Proof. We show only that Φ∂¯R ∈ Ω
1(X,̟+), since the proof of the corresponding state-
ment for Ψ is totally analogous. For the rest of the proof, introducing a slightly inconsistent
notation, we denote by ̟± the matching functions defined by (2.43) with the indices R,
L suppressed. Let (U, q) be a quaternionic chart of X and let f ∈ Ω0(U) ⊗H. Then, one
has
f∂q¯R ⋆ 1 =
1
4
df ∧ ⋆dq. (2.45)
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(2.45) can be easily be checked by expressing both sides in terms of the components of the
real coordinate x contained in q. Using (2.45) and the matching relation Φα = Φβ̟
+
βα,
one has
Φα∂q¯αR ⋆α 1 =
1
4
dΦβ ∧̟
+
βα ⋆α dqα + Φβ̟
+
βα∂q¯αR ⋆α 1. (2.46)
From (2.43) and (2.23), one computes
̟+βα∂q¯αR = |η
+
αβ |
− 5
2 |η−βα|
− 3
2
{
η+αβ
[
−
5
4
|η+αβ |
−2(|η+αβ |
2)∂q¯αR (2.47)
−
3
4
|η−βα|
−2(|η−βα|
2)∂q¯αR
]
+ η+αβ∂q¯αR
}
= −
3
8
|η+αβ |
− 5
2 |η−βα|
− 3
2 (η−βα)−1
[
Tβα21η+αβ + η−βαTαβ21
]
.
Using the relation TαβTβα = 12, following from (2.30), and (2.23), one finds that
Tβα21η
+
αβ + η
−
βαTαβ21 = 0. (2.48)
Combining (2.47) and (2.48), one concludes that
̟+βα∂q¯αR = 0. (2.49)
From (2.8), (2.27) and (2.43), one verifies further that
1
4
̟+βα ⋆α dqα =
1
4
⋆β dqβ̟
−
βα. (2.50)
By (2.46), (2.49) and (2.50), one has, using (2.45),
Φα∂q¯αR ⋆α 1 =
1
4
dΦβ ∧ ⋆βdqβ̟
−
βα (2.51)
= Φβ∂q¯βR̟
−
βα ⋆β 1.
From this relation, using (2.43), (2.25) and (2.29) with p = 0, it is a simple matter to check
that (Φ∂¯R)α = (Φ∂¯R)β̟
+
βα, showing the statement. QED
(2.49) and its left analog show that the 1–cocycle ̟+ (̟−) is right (left) Fueter
holomorphic. This allows for a global definition of Fueter holomorphicity on a Kulkarni
4–fold X . An element Φ ∈ Ω0(X,̟+) (Ψ ∈ Ω0(X,̟−)) is right (left) Fueter holomorphic
if Φ∂¯R = 0 (∂¯LΨ = 0).
Topological properties of Kulkarni 4–folds
On account of the isomorphism (1.10), (2.22) entails that a Kulkarni 4–fold is just a
real 4–fold with an integrable oriented conformal structure.
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A Kulkarni 4–fold structure entails a reduction of the structure group of X from
GL(4,R) to (GL(1,H)×GL(1,H))/R×.
Proof. Indeed, from (2.24), it appears that the smooth 1–cocycle implementing the match-
ing relations in TX is the (GL(1,H)×GL(1,H))/R× 1-cocycle η
−
L ⊗ η
+
R. QED
The resulting (GL(1,H)×GL(1,H))/R× structure on X , being yielded by coordinates, is
integrable.
Since (GL(1,H)×GL(1,H))/R× is a connected group, X is oriented. Hence, the first
Stieffel–Whitney class of X vanishes:
w1(X) = 1. (2.52)
The flat Z2 2–cocycle w appearing in (2.30) defines a cohomology class w ∈ H
2(X,Z2).
It can be seen that w is precisely the second Stieffel–Whitney class of X :
w2(X) = w. (2.53)
Proof. |η+| ⊗ |η−|−1 is a smooth R+ 1–cocycle, hence, it is trivial. So, the smooth
(GL(1,H) × GL(1,H))/R× 1–cocycle η
−
L ⊗ η
+
R is equivalent to the smooth (Sp(1) ×
Sp(1))/Z2 1–cocycle θ
−
L ⊗ θ
+
R, where Z2 is embedded in Sp(1) × Sp(1) as {±(11, 11)}
and θ± = |η±|−1⊗η± is an Sp(1) 1–cochain. This yields a reduction of the structure group
of X from (GL(1,H) × GL(1,H))/R× to (Sp(1) × Sp(1))/Z2. Now θ
± satisfies relation
(2.31) with η± substituted by θ±. From the isomorphisms (1.8) and (1.9), it follows then
that the Z2 2–cocycle w is precisely the obstruction to lifting the structure group of X
from SO(4) to Spin(4). This identifies w as a representative of the second Stieffel–Whitney
class of X . QED
So, the spin Kulkarni 4–folds are precisely those for which w = 1. In such a case, the spin
structures correspond precisely to the choices of the Z2 1–cocycle a on X discussed above
(2.32). Indeed, as is well-known, such choices describe the cohomology group H1(X,Z2).
As X is endowed with an integrable oriented conformal structure, the first Pontryagin
class of X is zero:
p1(X) = 0. (2.54)
Proof. The integrability of the conformal structure implies the existence of locally con-
formally flat metrics, whose Weyl 2–form vanishes [9]. The Pontryagin density, which is
quadratic in the components of W (g), consequently vanishes too. QED
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Let X be compact. As p1(X) = 0, the signature of X vanishes as well, σ(X) = 0.
This entails that the Euler characteristic of X is even:
χ(X) ∈ 2Z. (2.55)
If X is compact, then (2.54) and (2.55) imply that X bounds an oriented 5–fold by
the Thom Pontryagin theorem [8].
All the 1–cocycles defined in the previous subsections yield smooth vector bundles on
X in the usual manner. In particular, ζ1 and ζ3 are smooth (GL(1,H) × GL(1,H))/R×
line bundles, the ζ±2 are smooth PGL(1,H) line bundles, ζ4 and ρ are smooth R+ line
bundles and the ̟± are GL(1,H) line bundles.
The operator is elliptic. Therefore, when X is compact, the subspace of the har-
monic F ∈ Ω0(X, ρ) is finite dimensional. The operators ∂¯R,L are also elliptic. Hence,
if X is compact, the subspace of right (left) Fueter holomorphic Φ ∈ Ω0(X,̟+) (Ψ ∈
Ω0(X,̟−)) is similarly finite dimensional. In the next section, we shall show that and
the ∂¯R,L are related respectively to the conformal d’Alembertian and to a certain Dirac
operator. This will allow us to derive vanishing theorems.
Kulkarni automorphisms
An orientation preserving diffeomorphism f of X is a Kulkarni automorphism of X
if qα ◦ f ◦ qβ
−1, whenever defined, is a restriction of some element of PGL(2,H). The
Kulkarni automorphisms of X form a group under composition, Aut(X).
Examples of Kulkarni 4–folds
The basic example of Kulkarni 4–fold is HP1. As a 4–fold HP1 ∼= S4. Indeed, HP1
can be covered by two quaternionic charts (qα, Uα), α = 1, 2, where Uα = {(p1, p2) ∈
H2 − {(0, 0)}|pα 6= 0}/H× and q1 = p2p1
−1 and q2 = −p1p2
−1. One has q2 = −(q1)
−1 on
the overlap U1 ∩U2. Under the isomorphism H
1 ∼= R4, this matching relation is equivalent
to that of the customary stereographic projection of S4. Clearly, Aut(HP1) = PGL(2,H).
Also, w(HP1) = 1.
Let D be a simply connected non empty open subset of HP1. Then, D is a Kulkarni
4–fold with the Kulkarni structure induced by that of HP1. When D is a proper subset
of HP1, then D can be covered by a single quaternionic chart (q, U) with U = D. The
automorphism group Aut(D) of D is the subgroup of PGL(2,H) mapping D onto itself.
Clearly, w(D) = 1.
A Kleinian group Γ for D is a subgroup of Aut(D) acting freely and properly discon-
tinuously on D [9,13]. The Kleinian manifold Γ\D is then a Kulkarni 4–fold, as it is a real
4–fold uniformized by (HP1,PGL(2,H)). Aut(Γ\D) can be identified with the normalizer
of Γ in Aut(D). w(Γ\D) = 1 if and only if Γ can be lifted to a subgroup of GL(2,H).
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We consider next several standard examples.
i) D = HP1. Aut(HP1) = PGL(2,H), as shown earlier. By a simple argument based
on Lefschetz’s fixed point theorem, it is easy to see that there is no non trivial Kleinian
group Γ for HP1, since every T ∈ PGL(2,H) has at least a fixed point in HP1. Thus, there
are no Kulkarni 4–folds covered by HP1 except for HP1 itself.
ii) D = H1. It appears that H1 ∼= R4, as a 4–fold. Aut(H1) is the subgroup of
PGL(2,H) formed by those T such that T21 = 0. There are plenty of Kleinian groups Γ
for H1. Among these, the orientation preserving 4–dimensional Bieberbach groups, which
have been classified [13]. In this way, the Kulkarni 4–folds Γ\H covered by H1 include the
4–torus T 4 and the oriented 4–folds finitely covered by it.
iii) D = B1(H
1). As a 4–fold, B1(H
1) ∼= B1(R
4), the unit ball in R4. Aut(B1(H
1)) is
the subgroup of PGL(2,H) formed by those T such that |T11|
2−|T21|
2 = |T22|
2−|T12|
2 = k
for some k ∈ R+ and T¯11T12−T¯21T22 = 0. There are plenty of Kleinian groups Γ forB1(H
1).
The Kulkarni 4–folds Γ\B1(H
1) covered by B1(H
1) are the 4–dimensional analogue of
higher genus Riemann surfaces.
iv) D = H1 − {0}. As a 4–fold, H1 − {0} ∼= R4 − {0}. Aut(H1 − {0}) contains as
a subgroup of index 2 the subgroup of PGL(2,H) formed by those T such that T12 =
T21 = 0. There are plenty of Kleinian groups Γ for H
1 −{0}. Among the Kulkarni 4–folds
Γ\(H1 − {0}) covered by H1 − {0}, there are the oriented 4–dimensional Hopf manifolds,
that is S3 × S1 and the oriented compact 4–folds finitely covered by it.
v) D = H1 − R1. As a 4–fold, H1 − R1 ∼= R4 − R1. There are many Kleinian groups
Γ for H1 − R1. The Kulkarni 4–folds Γ\(H1 − R1) covered by H1 − R1 include the flat S2
fiber bundle on a compact Riemann surface, as R4 − R1 ∼= B1(R
2)× S2.
3. The geometry of Kulkarni 4–folds from a Riemannian point of view
4–dimensional conformal field theory is most naturally formulated in a locally con-
formally flat metric background. One expects calculations to simplify considerably if this
background has special properties, such as having a large group of isometries or being
Einstein. A Kulkarni 4–fold is equipped with a canonical conformal equivalence class of
locally conformally flat metrics. These are studied in the first part of this section using
the quaternionic geometric framework introduced above. We also derive conditions for the
existence of an Einstein representative in the class and its general form, when it exists. In
the second part of the section, we show that the operators and the ∂¯R,L are related re-
spectively to the conformal d’Alembertian and to a certain Dirac operator. This will allow
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us to derive vanishing theorems a` la Bochner for their kernels. Examples are provided in
the third and final part of the section.
Local quaternionic Riemannian geometry of a real 4–fold
Let X be a real 4-fold. Let x be a local coordinate of X of domain U . On U , one can
define the conformally flat vierbein
ea = e
−ϕδa
i∂xi. (3.1)
Its dual vierbein is
e∨a = e
ϕδaidx
i. (3.2)
The associated metric is
g = e∨a ⊗ e
∨
a = e
2ϕdxi ⊗ dxi. (3.3)
The components of the vierbein ea, a = 0, 1, 2, 3, can be assembled into the quater-
nionic einbein
e = (1/4)(e0 − ef jf ). (3.4)
By (2.2) and (3.1), e is given by
e = e−ϕ∂q. (3.5)
Similarly, the components of the dual vierbein e∨a, a = 0, 1, 2, 3, can be assembled into
the quaternionic dual einbein
e∨ = e∨0 + e
∨
f jf . (3.6)
From (2.3) and (3.2), one has
e∨ = eϕdq. (3.7)
The metric g is then given by
g = Re(e¯∨ ⊗ e∨) = e2ϕRe(dq¯ ⊗ dq). (3.8)
The Hodge star operator ∗ of g is related to ⋆ as
∗ = e−2(p−2)ϕ ⋆ on p−forms. (3.9)
Many formulae of Riemannian geometry take a particularly compact form when ex-
pressed in terms of e and e∨. Below, we shall adopt the Cartan formulation of Riemannian
geometry.
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The components of the spin connection ωab 1–form can be organized into the two
quaternionic 1–forms
ω+ = −
1
4
(
ω00 + ω0f ¯f + ωe0je + ωef je¯f
)
=
1
2
(
ω0g +
1
2
ǫefgωef
)
jg, (3.10)
ω− = +
1
4
(
ω00 + ω0fjf + ωe0¯e + ωef ¯ejf
)
=
1
2
(
ω0g −
1
2
ǫefgωef
)
jg.
Explicitly, the ω± are given by the formulae
ω+ = −2Im
(
e∨e(ϕ)
)
, ω− = −2Im
(
e(ϕ)e∨
)
. (3.11)
The components of the Riemann 2–form Rab can be assembled into the two quaternionic
2–forms
R+ = −
1
4
(
R00 +R0f ¯f +Re0je +Ref je¯f
)
=
1
2
(
R0g +
1
2
ǫefgRef
)
jg, (3.12)
R− = +
1
4
(
R00 +R0fjf +Re0¯e +Ref ¯ejf
)
=
1
2
(
R0g −
1
2
ǫefgRef
)
jg.
By explicit computation, one finds
R+ = 2Im
(
e∨∧
(
de(ϕ)+2|e(ϕ)|2e¯∨
))
, R− = −2Im
((
de(ϕ)+2|e(ϕ)|2e¯∨
)
∧e∨
)
. (3.13)
The components of the Ricci 1–form Sa can be organized into the quaternionic 1–form
S = S0 + Seje. (3.14)
This is explicitly given by
S = −8
[
de¯(ϕ) + 2
(
e¯(e(ϕ)) + 3|e(ϕ)|2
)
e∨
]
. (3.15)
Finally, the Ricci scalar s is given by
s = −96
[
e¯(e(ϕ)) + 2|e(ϕ)|2
]
. (3.16)
Proof. We give only a sketch. For a conformally flat metric, one has
ωab = eb(ϕ)e
∨
a − ea(ϕ)e
∨
b. (3.17)
From this relation, using the standard definitions of the Riemann 2–form Rab = dωab +
ωac ∧ ωcb, the Ricci 1–form Sa = ι(eb)Rba and the Ricci scalar s = ι(ea)Sa, it is easy to
see that
Rab = e
∨
b ∧Qa − e
∨
a ∧Qb, (3.18)
Sa = −2Qa −Qe
∨
a, (3.19)
s = −6Q, (3.20)
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where
Qa = dea(ϕ) +
1
2
ec(ϕ)ec(ϕ)e
∨
a, (3.21)
Q = ec(ec(ϕ)) + 2ec(ϕ)ec(ϕ). (3.22)
Using these formulae, one obtains straightforwardly the above relations. QED
From (3.11), one can derive the identity
de∨ − ω+ ∧ e∨ + e∨ ∧ ω− = 0, (3.23)
which is equivalent to the well-known relation de∨a + ωab ∧ e
∨
b = 0. From (3.11) and
(3.13), one can verify that
R+ = dω+ − ω+ ∧ ω+, R− = dω− + ω− ∧ ω−, (3.24)
relations which are equivalent to the definition of the Riemann 2–form Rab = dωab+ωac ∧
ωcb. Other basic relations could be obtained in a similar manner.
Expressions of the Pontryagin density γ = 1
8pi2
Wab ∧ Wab, where Wab is the Weyl
2–form, and of the Euler density ǫ = 132pi2 ǫabcdRab ∧Rcd can similarly be obtained. For a
locally conformally flat metric such as g, one obviously has
γ = 0. (3.25)
ǫ is explicitly given by
ǫ =
( 2
π
)2{
12
[
e¯(e(ϕ)) + 2|e(ϕ)|2
]2
∗ 1 (3.26)
− Re
[(
de¯(ϕ)− e¯(e(ϕ))e∨
)
∧ ∗
(
de(ϕ)− e¯(e(ϕ))e¯∨
)]}
.
Proof. It is known that ǫ = 116pi2
{
Wab ∧∗Wab+
1
12s
2 ∗ 1−
(
Sa−
1
4se
∨
a
)
∧∗
(
Sa−
1
4se
∨
a
)}
.
In the present case, Wab = 0, as the metric is locally conformally flat. Using (3.19)–(3.20)
and (3.21)–(3.22), it is straightforward to derive the above formula. QED
Global quaternionic Riemannian geometry of a Kulkarni 4–fold
The quaternionic tensors constructed in the previous subsection have very simple
covariance properties on a Kulkarni 4–fold X .
The matching is implemented by the Sp(1) transition functions
θ±αβ = η
±
αβ/|η
±
αβ|, (3.27)
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with η±αβ given by (2.23). In general, these do not form a smooth Sp(1) 1–cocycle, unless
w = 1, as, by (2.31),
θ±αγ = wαβγθ
±
αβθ
±
βγ, (3.28)
when Uα ∩Uβ ∩Uγ 6= ∅. However, θ
±
L⊗ θ
∓
R and θ
±
L⊗ θ
±
R are, respectively, a (Sp(1)×
Sp(1))/Z2 1–cocycle and a Sp(1)/Z2 1-cocycle.
We assume that the local scales ϕα match as
ϕα = ϕβ − ln |η
+
αβ |+ ln |η
−
αβ|, (3.29)
whenever Uα ∩ Uβ 6= ∅. This is designed in such a way to render g = {gα} a globally
defined metric (see (3.32) below).
The matching relations for the einbein e = {eα} and e
∨ = {e∨α} are
eα = θ
−
αβeβ(θ
+
αβ)
−1 (3.30)
and
e∨α = θ
+
αβe
∨
β(θ
−
αβ)
−1, (3.31)
with Uα ∩ Uβ 6= ∅.
Proof. These relations follow readily from combining (2.24), (2.25) and (3.29) with (3.5)
and (3.7). QED
The matching relations of the metric g = {gα} are by construction
gα = gβ. (3.32)
on Uα ∩ Uβ 6= ∅. As a consequence, the Hodge star operators ∗α associated with the gα
match as
∗α = ∗β . (3.33)
For Uα ∩Uβ 6= ∅, the matching relations for the spin connection 1-forms ω
± = {ω±α}
are
ω±α = θ
±
αβω
±
β(θ
±
αβ)
−1 ± dθ±αβ(θ
±
αβ)
−1. (3.34)
The matching relations for the Riemann 2–forms R± = {R±α}, the Ricci 1–form S = {Sα}
and the Ricci scalar s = {sα} are
R±α = θ
±
αβR
±
β(θ
±
αβ)
−1, (3.35)
Sα = θ
+
αβSβ(θ
−
αβ)
−1, (3.36)
sα = sβ. (3.37)
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So, R± ∈ Ω2(X, θ±L ⊗ θ
±
R), S ∈ Ω
1(X, θ+L ⊗ θ
−
R) and s ∈ Ω
0(X).
Proof. The matching relation of the dual vierbein e∨a = {e
∨
αa} is of the form
e∨αa = rαβabe
∨
βb, (3.38)
where rαβ is some smooth SO(4) valued function on Uα ∩Uβ. Combining (3.6) and (3.38)
and comparing with (3.31), one finds
rαβ0a + rαβeaje = θ
+
αβ
(
δ0a + δeaje
)
(θ−αβ)
−1. (3.39)
As well–known, one has ωαab = rαβacrαβbdωβcd − drαβacrαβbc and Rαab = rαβacrαβbdRβcd
and Sαa = rαβabSβb. Using (3.39) and the definitions (3.10), (3.12) and (3.14), it is
straightforward to check that (3.34), (3.35) and (3.36) hold. (3.37) is obvious. QED
Selfduality and the Einstein condition
Selfdual Einstein 4–folds form a broad class of Riemannian 4–folds, which has been
intensively studied [14]. Consider a Kulkarni 4–fold X equipped with the metric g of the
local form (3.8). g is locally conformally flat and thus trivially selfdual. The Einstein
condition, conversely, is non trivial.
The metric g is Einstein if and only if, locally,
de¯(ϕ)− e¯(e(ϕ))e∨ = 0. (3.40)
The local solution of this equation is
e−ϕ = w + 2Re(v¯q) + u|q|2, with u, w ∈ R, v ∈ H. (3.41)
Proof. The Einstein condition states that Sa − (s/4)e
∨
a = 0. Using the definitions (3.6)
and (3.14) and the formulae (3.15) and (3.16), one gets readily (3.40). Explicitly, using
(3.5) and (3.7), (3.40) can be cast as
d(∂q¯e
−ϕ)− dq∂qL(∂q¯e
−ϕ) = 0. (3.42)
Now, for any smooth H–valued function f , the condition df − dq∂qLf = 0 restricts f to be
of the form f(q) = a+ qb with a, b ∈ H [7]. Hence, (3.42) entails that
∂q¯e
−ϕ = (v + qu)/2, with u, v ∈ H. (3.43)
From (3.43), using that e−ϕ is real valued, one gets
de−ϕ = dq(v¯ + u¯q¯) + (v + qu)dq¯. (3.44)
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The integrability condition d2e−ϕ = 0 yields the equation dq ∧ (u− u¯)dq¯ = 0, which, as is
easy to see, entails that u− u¯ = 0 or u ∈ R. So,
de−ϕ = d
[
2Re(v¯q) + u|q|2
]
, (3.45)
which, upon integration, yields (3.41). QED
For Uα ∩ Uβ 6= ∅, we set
Kαβ = (|η
+
αβ ||η
−
αβ|)
− 1
2Tαβ, (3.46)
with Tαβ defined in (2.22) and η
±
αβ given by (2.23). Then, Kαβ does not depend on
the choice of representative of Tαβ ∈ PGL(2,H) in GL(2,H). Further, K = {Kαβ} is a
flat GL(2,H) 1–cochain satisfying relation (2.30) with Tαβ substituted by Kαβ. For an
Einstein metric of the form (3.41), set
M =
(
u v
v¯ w
)
. (3.47)
Then, one has the matching relation
Mβ = Kαβ
†MαKαβ. (3.48)
Proof. In the proof of relation (2.30), it was shown that |η+αβ ||η
−
αβ| is a positive constant.
Using this fact (2.30) and (2.31), it is immediate to see that K = {Kαβ} is a flat GL(2,H)
1–cochain satisfying (2.30). Independence from choices of representative is evident from
the definition (3.46) and from (2.23). The above matching relation follows from (3.29),
upon writing
e−ϕ = (q¯, 1)
(
u v
v¯ w
)(
q
1
)
(3.49)
and using (2.22), (1.11) and (2.23). QED
This result is interesting. It reduces the problem of finding a locally conformally flat
Einstein metric to the problem of finding a flat positive definite section M = {Mα} of the
flat 1–cocycle SqK, where, for any A ∈ GL(2,H), SqAU = A†UA, for U a 2 by 2 matrix
on H.
The conformal d’Alembertian W and the d’Alembertian
Let X be a Kulkarni 4–fold with the metric g of eq. (3.8). The conformal d’Alember-
tian W of g is defined by
Wf = d ∗ df −
s
6
f ∗ 1, (3.50)
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for f ∈ Ω0(X). So, Wf ∈ Ω4(X). W is simply related to the operator is defined in
(2.39). Indeed, eϕf ∈ Ω0(X, ρ) and
Wf = 16eϕ (eϕf). (3.51)
Proof. Combining (2.38) and (3.29), one verifies easily that eϕf ∈ Ω0(X, ρ) if f ∈ Ω0(X).
As is well–known, the operator W is conformally covariant. If g0 and g = e
hg0 are two
conformally related metrics, then Wf = ehW0(e
hf). If we take g0 to be the flat metric
and g to be the metric (3.3), we get (3.51) readily. QED
(3.51) entails immediately an isomorphism kerW ∼= ker of R linear spaces.
A well-known argument a` la Bochner shows that, if X is compact and s ≥ 0 and s 6≡ 0
on X , then dimkerW = 0. So, on a compact Kulkarni 4–fold X such that the associated
conformal class of locally conformally flat metrics contains a representative whose s has
the above properties, dim ker = 0, that is there are no harmonic F ∈ Ω0(X, ρ).
The Dirac operator /D and the Fueter operators ∂¯R,L
Let X be a Kulkarni 4–fold with w = 1 equipped with the metric g of eq. (3.8). We
set σ+ = θ+R and σ
− = θ−L. Owing to (3.28), as w = 1, the σ
± are smooth Sp(1)
1–cocycles depending on a choice of a flat Z2 1–cocycle a. We set σ = σ
+ ⊕ σ−. So, any
λ ∈ Ω0(X, σ) is of the form λ = λ+ ⊕ λ− with λ± ∈ Ω0(X, σ±). We set
(λ1, λ2) = Re(λ1+λ2
+) + Re(λ1−λ2
−), (3.52)
for λ1, λ2 ∈ Ω
0(X, σ) and, for a vector field u on X ,
/uλ = (λ−〈e¯∨, u〉)⊕ (〈e¯∨, u〉λ+), (3.53)
for λ ∈ Ω0(X, σ). Then, Ω0(X, σ) is a real Clifford module on (X, g) with Clifford inner
product and Clifford action given respectively by (3.52) and (3.53).
Proof. If λ± ∈ Ω0(X, σ±), one has λ+α = λ
+
βθ
+
βα and λ
−
α = θ
−
αβλ
−
β , whenever
defined. Further, |θ±αβ | = 1, by (3.27). Taking these relations into account, one verifies
that (λ1, λ2)α = (λ1, λ2)β . So, the Clifford inner product is well-defined. Using the
same relations once more and (3.31), one verifies also that (/uλ)+α = (/uλ)
+
βθ
+
βα and
(/uλ)−α = θ
−
αβ(/uλ)
−
β . So, /u maps linearly Ω
0(X, σ±) into Ω0(X, σ∓). Finally, one
checks easily that (λ1, /uλ2) = (/uλ1, λ2) and, by using (3.8), that /u
2 = g(u, u)1. QED
For λ ∈ Ω0(X, σ), we define
Dλ =
(
dλ+ + λ+ω+
)
⊕
(
dλ− + ω−λ−
)
. (3.54)
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Then, D is a Clifford connection for the Clifford module Ω0(X, σ).
Proof. Using (3.34) and the matching relations of λ± given above, it is straightforward to
check that (Dλ)+α = (Dλ)
+
βθ
+
βα and (Dλ)
−
α = θ
−
αβ(Dλ)
−
β, whenever defined. So,
D maps Ω0(X, σ±) into Ω1(X, σ±). D manifestly has the properties defining a connection
on Ω0(X, σ). From the identity ∇ve
∨
a + 〈ωab, v〉e
∨
b = 0, where ∇ is the Levi–Civita
connection and v a vector field on X , and from (3.6) and (3.10), it is straightforward to
show that ∇ve
∨ − 〈ω+, u〉e∨ − e∨〈ω−, u〉 = 0. Using this latter identity, one checks by
simply applying the definitions (3.53) and (3.54) that [D, /u] = ∇/u. This shows that D is
a Clifford connection. QED
The Dirac operator /D associated with the Clifford connection D of the Clifford module
Ω0(X, σ) is readily obtained:
/Dλ =
(
4〈(Dλ)−, e〉
)
⊕
(
4〈e, (Dλ)+〉
)
, (3.55)
with λ ∈ Ω0(X, σ). This is very simply related to the Fueter operators ∂¯R,L defined in
(2.44). Indeed, e
3
2
ϕλ± ∈ Ω0(X,̟±) and
/Dλ =
(
4e−
5
2
ϕ∂q¯L(e
3
2
ϕλ−)
)
⊕
(
4(λ+e
3
2
ϕ)∂q¯Re
− 5
2
ϕ
)
. (3.56)
Proof. Combining (2.43), (3.27), (3.29) and the matching relations of the λ±, is easily seen
that e
3
2
ϕλ± ∈ Ω0(X,̟±). From (3.1), (3.2) and (3.17), one has that ωab = δaiδb
j∂xjϕdx
i−
δbjδa
i∂xiϕdx
j . Using this relation, (3.5) and (2.2), it is easy to verify that 〈(Dλ)+, e¯〉 =
(λ+∂q¯R+
3
2
λ+ϕ∂q¯L)e
−ϕ and 〈e¯, (Dλ)−〉 = e−ϕ(∂q¯Lλ
−+ 3
2
∂q¯Lϕλ
−). Using these expressions
in (3.55), one gets (3.56) immediately. QED
It follows immediately from (3.56) that ker ∂¯R ∼= ker/D|Ω0(X,σ+) and ker ∂¯L ∼= ker/D|Ω0(X,σ−),
where the first (second) isomorphism is left (right) H–linear.
The Dirac operator /D satisfies the well-known Bochner–Lichnerowicz–Weitzenboek
formula /D2 = − D +
1
4
s, with D the d’Alembertian of the Clifford connection D. By
a well-known argument a` la Bochner, we see that, if X is compact and s ≥ 0 and s 6≡ 0
on X , then dimker/D = 0. So, on a compact Kulkarni 4–fold X such that the associated
conformal class of locally conformally flat metrics contains a representative whose s has the
above properties, dimker ∂¯R,L = 0, that is there are no Fueter holomorphic Φ ∈ Ω
0(X,̟+)
and Ψ ∈ Ω0(X,̟−).
When X is compact, one can compute the index of /D, ind/D, by using the Atiyah–
Singer index theorem. One has
ind/D = dimker/D|Ω0(X,σ+) − dimker/D|Ω0(X,σ−) = 0 (3.57)
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Proof. Using (3.53) and (3.54) and taking (3.24) into account, one finds that D2λ −
1
4Rab/ea/ebλ =
(
λ+(dω+−ω+ ∧ω+−R+)
)
⊕
(
(dω−+ω− ∧ω−−R−)λ−
)
= 0. The Clifford
connection D has thus no twisting. In this case, the Atiyah–Singer index theorem gives
ind/D = − 124
∫
X
p1(X). On account of (2.54), ind/D = 0. QED
When X is compact, we conclude from (3.57) that
dimker ∂¯R = dimker ∂¯L. (3.58)
The number of right Fueter holomorphic sections Φ ∈ Ω0(X,̟+) equals the number of
left Fueter holomorphic sections Ψ ∈ Ω0(X,̟−).
The isometry group of the metric g
Given a metric g on X of the form (3.8), we denote by UAut(X, g) the subgroup of
Aut(X) leaving g invariant.
Examples of special metrics
Below, we shall consider the Kulkarni 4–folds of Kleinian type Γ\D, which were de-
scribed at the end of section 2.
i) D = HP1. HP1 has the distinguished metric
g =
4Re(dq¯ ⊗ dq)
(1 + |q|2)2
. (3.59)
g is nothing but the customary round metric of S4. As is well-known, g is Einstein
with s = 12. UAut(HP1, g) is the subgroup of PGL(2,H) formed by those T such that
|T11|
2 + |T21|
2 = |T22|
2 + |T12|
2 = k for some k ∈ R+ and T¯11T12 + T¯21T22 = 0 and is thus
a proper subgroup of Aut(HP1).
ii) D = H1. H1 has the distinguished metric
g = 4Re(dq¯ ⊗ dq) (3.60)
So, g is the flat euclidean metric of R4. UAut(H1, g) is the subgroup of PGL(2,H) formed
by those T such that |T11| = |T22| = 1 and T21 = 0 and is thus a proper subgroup of
Aut(H1). This metric induces a special metric on each Kulkarni 4–folds Γ\H1 since, as it
is easy to show, every Kleinian group Γ for H1 is contained in UAut(H1, g).
iii) D = B1(H
1). B1(H
1) has the distinguished metric
g =
4Re(dq¯ ⊗ dq)
(1− |q|2)2
. (3.61)
As appears, g is nothing but the Poincare´ metric of B1(R
4). g is Einstein with s = −12.
One checks that UAut(B1(H
1), g) is the subgroup of PGL(2,H) formed by those T such
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that |T11|
2−|T21|
2 = |T22|
2−|T12|
2 = k for some k ∈ R+ and T¯11T12− T¯21T22 = 0, so that
UAut(B1(H
1), g) = Aut(B1(H
1)). Therefore, this metric induces a special metric on each
Kulkarni 4–folds Γ\B1(H
1) for every Kleinian group Γ for B1(H
1).
iv) D = H1 − {0}. H1 − {0} has the special metric
g =
Re(dq¯ ⊗ dq)
|q|2
. (3.62)
One can show that UAut(H1−{0}, g) = Aut(H1−{0}) [9]. Therefore, this metric induces
a special metric on each Kulkarni 4–folds Γ\(H1 − {0}) for every Kleinian group Γ for
H1 − {0}.
v) D = H1 − R1. H1 − R1 has the special metric
g =
Re(dq¯ ⊗ dq)
|Imq|2
. (3.63)
It is possible to show that UAut(H1 − R1) = Aut(H1 − R1) [9]. Therefore, this metric
induces a special metric on each Kulkarni 4–folds Γ\(H1 −R1) for every Kleinian group Γ
for H1 − R1.
4. Classical 4–dimensional conformal field theory and Kulkarni geometry
In this section, we consider first some general properties of a classical conformal field
theory on a Kulkarni 4–fold X . Later, we illustrate two basic models, the complex scalar
and the Dirac fermion (see [15] for background).
Below, we shall assume that X is compact. In this way, integrals are convergent and,
as X has no boundary (see sect. 2), integration by parts can be carried out without picking
boundary contributions.
The classical action
The classical action of a conformal field theory on a 4–fold X is some local functional
I(Φ, e∨) of a set of conformal fields Φ and a dual vierbein e∨a. By conformal invariance,
for any smooth function f on X , one has
I(e−fΛΦ, efe∨) = I(Φ, e∨), (4.1)
where Λ is the matrix of the conformal weights of the fields Φ.
Consider now a conformally flat background e∨a of the form (3.2). Because of confor-
mal invariance, one has that
I(Φ, e∨) = I(φ), (4.2)
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where
φ = eϕΛΦ (4.3)
is a conformally invariant field. The functional I(φ) depends only on φ and the underlying
conformal structure.
As ϕ is defined only locally and the local representations match as in (3.29), the
matching relations of the local representations of φ are different from those of the local
representations of Φ. On a Kulkarni 4–fold X , φ is a section of some vector bundle
constructed from the η± such as ρ and ̟±.
The energy–momentum tensor
In a classical field theory on a 4–fold X , the energy–momentum tensor is the 1–form
Ta(Φ, e
∨), a = 0, 1, 2, 3, valued in the orthonormal frame bundle, defined by the variational
identity δe∨I = −
1
2pi2
∫
X
〈Ta, δea〉 ∗ 1, where δe∨Φ = −
1
4
Λδ ln eΦ with e = det e∨ [15]. If
the field theory is conformal, the energy–momentum tensor is traceless and thus satisfies
ι(ea)Ta = 0. (4.4)
The invariance of the classical action I under the action of the group of the automorphisms
of the orthonormal frame bundle implies that, for classical field configurations solving the
classical field equations, the energy–momentum tensor is symmetric and conserved [15].
The symmetry is encoded in the relation
Ta ∧ e
∨
a = 0. (4.5)
The conservation equation can be cast as
d ∗ Ta + ωab ∧ ∗Tb = 0. (4.6)
For a classical conformal field theory, one has
Ta(e
−fΛΦ, efe∨) = e−3fTa(Φ, e
∨), (4.7)
for any smooth function f . This is an immediate consequence of the conformal invariance
of the action (eq. (4.1)) and of the definition of Ta. Consequently, in a locally conformally
flat metric background e∨a of the form (3.2), one has that
Ta(Φ, e
∨) = δaie
−3ϕTi(φ), (4.8)
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where the Ti(φ), i = 0, 1, 2, 3 are 1–forms depending only on φ and the underlying
conformal structure. They can be assembled into the quaternionic field
T =
1
4
(T0 − Trjr). (4.9)
Then, it is simple to verify that the tracelessness relation (4.4) takes the form
Re
(
Tι(∂q¯)
)
= 0. (4.10)
For classical field configurations, the symmetry relation (4.5) reads as
Re
(
dq ∧ T ) = 0, (4.11)
while, more importantly, the conservation equation (4.6) becomes simply
d ⋆ T = 0. (4.12)
This equation no longer contains any explicit dependence on the scale ϕ of the metric
background. Its validity depends crucially on the tracelessness and symmetry relations
(4.10) and (4.11).
Proof. (4.10) and (4.11) are trivial consequences of (4.4) and (4.5) following from (4.9),
(3.1), (3.2), (3.5) and (3.7). (4.12) follows from substituting (3.9), (3.17) and (4.8) into
(4.6) upon using (3.1)–(3.2) and (4.4)–(4.5). QED
On a Kulkarni 4–fold X , T ∈ Ω1(X, ζ3), where ζ3 is given by (2.34).
Proof. By (4.8) and (4.9), one has
Tα =
e3ϕα
4
(
Tα0 − Tαeje
)
. (4.13)
Now, on Uα ∩ Uβ 6= ∅, one has
Tαa = rαβabTβb, (4.14)
where rαβ is the same SO(4) valued function as that appearing in (3.38). Combining
(3.27), (3.29), (3.39) and (4.14) and recalling (2.34), one checks easily that the matching
relation of the Tα is the required one. QED
In general, for an object of the same tensor type as T , the conservation equation (4.12)
would not be covariant. In the present case, it is thanks to the tracelessness and symmetry
properties (4.10)–(4.11).
The U(1) current
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In a classical field theory with a U(1) symmetry, the U(1) current is the 1–form
J (Φ, e∨) defined by the variational condition δΦI|δΦ=ifΦ = −
1
2pi2
∫
X
J ∧ ∗df for any
function f [15]. For classical field configurations solving the classical field equations, J
satisfies the conservation equation
d ∗ J = 0. (4.15)
For a classical conformal field theory, one has
J (e−fΛΦ, efe∨) = e−2fJ (Φ, e∨), (4.16)
for any smooth function f . This is an immediate consequence of the conformal invariance
of the action (eq. (4.1)) and of the definition of J . In the locally conformally flat metric
background e∨a of eq. (3.2), one has then
J (Φ, e∨) = e−2ϕJ(φ), (4.17)
where J(φ) is a 1–form depending only on φ and the underlying conformal structure. The
conservation equation (4.15) takes then the form
d ⋆ J = 0. (4.18)
Proof. This follows readily from (4.15) upon combining (3.9) and (4.17). QED
This equation no longer contains any explicit dependence on the scale ϕ of the metric
background.
If X is a Kulkarni 4–fold, J ∈ Ω1(X, ρ2), where ρ is defined in (2.38).
Proof. Immediate from (3.29) and (4.17). QED
Then, by (2.29), ⋆J ∈ Ω3(X). The conservation equation (4.18) is thus manifestly covari-
ant.
The biquaternion algebra
The models examined below involve the complexification of the quaternion field H,
the complex biquaternion algebra H⊗ C. In this brief algebraic interlude, we recall a few
basic facts about H⊗ C and introduce basic notation.
Here and below, to avoid possible confusion with the corresponding quaternionic op-
erations, we denote complex conjugation by ¯ c and complex real (imaginary) part by Re c
(Imc).
A generic element z ∈ H ⊗ C can be represented as a real linear combination of
elements of the form a ⊗ ζ, where a ∈ H and ζ ∈ C. As a complex algebra, H ⊗ C
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carries a conjugation ¯ defined by a⊗ ζ = a¯ ⊗ ζ¯c and an antilinear involution ˜ defined
by a˜⊗ ζ = a ⊗ ζ¯c
5. H can be canonically identified with the subalgebra of H ⊗ C fixed
by ˜. The action of the conjugation ¯ on this subalgebra coincides with the quaternionic
conjugation ¯ as defined earlier.
There is a canonical algebra isomorphism c : C(2) → H ⊗ C, where C(2) is the
complex algebra of 2 by 2 complex matrices. Denoting by τf , f = 1, 2, 3, −i times the
standard Pauli matrices, c is uniquely defined by c(12) = 1 ⊗ 1 and c(τf ) = jf ⊗ 1. The
isomorphism c has the properties that detM = ˜¯c(M)c(M) and that c(M †c ) = c¯(M) and
c(C−1M¯cC) = c˜(M) for any M ∈ C(2), where C =
(
0 1
−1 0
)
is the conjugation matrix.
The complex scalar
Consider a complex scalar field Φ with action
I(Φ, Φ¯c, e
∨) =
1
2π2
∫
X
d4xg
1
2
[
gij∂iΦ¯c∂jΦ+
1
6
sΦ¯cΦ
]
, (4.19)
where g is the metric corresponding to e∨a and s is the Ricci scalar. The field Φ has
conformal weight Λ = 1. It is well-known that the above action is conformally invariant
[15].
The conformally invariant field φ corresponding to Φ is thus given by
φ = eϕΦ. (4.20)
Then, φ ∈ Ω0(X, ρ)⊗ C, where ρ is defined in (2.38).
Proof. By (3.29). QED
In terms of φ, the action functional is simply
I(φ, φ¯c) = −
8
π2
∫
X
φ¯c φ, (4.21)
where is defined in (2.39). The integrand belongs to Ω4(X), as φ ∈ Ω0(X, ρ−1)⊗ C,
and integration is thus well-defined.
Proof. This follows from substituting (3.20) and (3.22), upon using (3.1), and (4.20) into
(4.19), by a straightforward calculation. QED
5 A conjugation (antilinear involution) K on a complex algebra A is an antilinear map
K : A → A such that K2 = 1A and that, for a, b ∈ A, K(ab) = K(b)K(a) (K(ab) =
K(a)K(b)).
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The classical field equations of Φ are [15]
∇j∇jΦ−
1
6
sΦ = 0. (4.22)
In terms of the field φ, they read simply as
φ = 0, (4.23)
that is φ is harmonic. See the discussion of section 3 concerning the solutions of this
equation.
The energy–momentum tensor of the complex scalar Φ is given by [15]
Ta(Φ, Φ¯c, e
∨) = Re c
{2
3
[
Φ¯cea
j∇j∇iΦ−
1
4
Φ¯c∇
k∇kΦe
∨
ai
]
(4.24)
−
4
3
[
ea
j∇jΦ¯c∇iΦ−
1
4
∇kΦ¯c∇kΦe
∨
ai
]
−
1
3
[
Sai −
1
4
se∨ai
]
Φ¯cΦ
}
dxi.
One can verify that (4.8) holds. The conformally invariant energy–momentum tensor T is
given by
T (φ, φ¯c) = −
2
3
{
∂qφ¯cdφ−
1
2
φ¯cd∂qφ+ ∂qφdφ¯c −
1
2
φd∂qφ¯c (4.25)
−
(
∂q¯φ¯c∂qφ−
1
2
φ¯c∂q¯∂qφ+ ∂q¯φ∂qφ¯c −
1
2
φ∂q¯∂qφ¯c
)
dq¯
}
.
We have checked that T satisfies (4.10) and that (4.11) and (4.12) hold, when φ fulfills the
field equations (4.23). For a field configuration φ satisfying (4.23), the second and fourth
term proportional to dq¯ in (4.25) are zero.
The model considered has an obvious U(1) symmetry. The corresponding U(1) current
is
J (Φ, Φ¯c, e
∨) = 2Imc
(
Φ∂iΦ¯c
)
dxi. (4.26)
It is easy to see that (4.17) is fulfilled with
J(φ, φ¯c) =
1
i
(
φdφ¯c − φ¯cdφ
)
. (4.27)
One verifies readily that J satisfies (4.18), when φ satisfies the field equations (4.23).
The Dirac fermion
Suppose that w = 1, so that X is spin, and let us fix the spin structure. Consider a
euclidean Dirac fermion field Ψ. Ψ ∈ ΠΩ0(X,Σ+⊕Σ−), where Σ± are the positive/negative
chirality spinor bundles and the notation ΠV indicates the Grassmann odd partner of a
vector space V .
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The Dirac action is
I(Ψ,Ψ†c, e
∨) =
1
2π2
∫
X
d4xeiΨ†cγaea
jDjΨ, (4.28)
where D is the spin covariant derivative, DjΨ = (∂j +
1
4ωabjγaγb)Ψ, the γa, a = 0, 1, 2,
3, being the euclidean gamma matrices satisfying γaγb + γbγa = 2δab and γa
†
c = γa. The
field Ψ has conformal weight Λ = 3/2. As is well-known, the above action is conformally
invariant [15]. We shall write the action in a way such that its connection with the
underlying Kulkarni geometry becomes manifest.
Fix v0 ∈ C
2, v0 6= 0. We define a linear map Q : C
2 → H⊗ C by
Q(v) = c(|v0|
−2v ⊗ v0
†
c), v ∈ C
2, (4.29)
where c has been defined earlier.
The Dirac fermion field Ψ can be thought of as a pair of Weyl fermion fields (Ψ+,Ψ−)
with Ψ± ∈ ΠΩ0(X,Σ±). We set
ψ+ = e
3
2
ϕ ˜¯Q(Ψ+), ψ− = e
3
2
ϕQ(Ψ−). (4.30)
Then, ψ± ∈ Π(Ω0(X,̟±)⊗ C), where the ̟± are defined in (2.43).
Proof. SU(2) corresponds precisely via c to the group Sp(1) of unit length quaternions
in H. Further, as detU = 1 and U = C−1U¯cC = U
−1†
c for U ∈ SU(2), one has c(U) =
c˜(U) = c¯(U)−1 whenever U ∈ SU(2). Now, comparing the basic relation
rαβ0a12 + rαβeaτe = Σ
+
αβ
(
δ0a12 + δeaτe
)
(Σ−αβ)
−1, (4.31)
satisfied by Σ±αβ , and the relation
rαβ0a12 + rαβeaτe = c
−1(θ+αβ)
(
δ0a12 + δeaτe
)
c−1((θ−αβ)
−1), (4.32)
following from (3.39), and recalling that c−1(θ±αβ) ∈ SU(2) as θ
±
αβ is Sp(1) valued, one
concludes that
c(Σ±αβ) = θ
±
αβ, (4.33)
provided the spin structure entering into the definition of θ± is suitably chosen. Now,
from (4.29), one has that Q(Uv) = c(U)Q(v) and ˜¯Q(Uv) = ˜¯Q(v)c(U)−1 for U ∈ SU(2)
and v ∈ ΠC2. Hence,
˜¯Q(Ψ+α) =
˜¯Q(Σ+αβΨ
+
β) =
˜¯Q(Ψ+β)c(Σ
+
βα) =
˜¯Q(Ψ+β)θ
+
βα, (4.34)
Q(Ψ−α) = Q(Σ
−
αβΨ
−
β) = c(Σ
−
αβ)Q(Ψ
−
β) = θ
−
αβQ(Ψ
−
β).
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From here, it is easy to show the statement combining (4.30) and (3.29) and (3.27). QED
In terms of ψ±, the action functional can be written as 6
I(ψ+, ψ−, ψ˜+, ψ˜−) = |v0|
2 2
π2
Re
∫
X
[
ψ˜+∂¯R ∧ ⋆ dq ψ
− − ψ+∂¯R ∧ ⋆ dq ψ˜
−
]
(4.35)
= |v0|
2 2
π2
Re
∫
X
[
ψ˜+ ⋆ dq ∧ ∂¯Lψ
− − ψ+ ⋆ dq ∧ ∂¯Lψ˜
−
]
.
Proof. Using (3.17) and the formulae
γ0 = i
(
0 12
−12 0
)
, γe = i
(
0 τe
−τe
†
c 0
)
, (4.36)
one can cast the action integral (4.28) as
2π2I(Ψ,Ψ†c, e
∨) = +4Re c
∫
X
[
(e
3
2
ϕΨ+†c)(∂012 + ∂iτi)Re
3
2
ϕΨ−
]
⋆ 1 (4.37)
= −4Re c
∫
X
[
e
3
2
ϕΨ+†c(∂012 + ∂iτi)L(e
3
2
ϕΨ−)
]
⋆ 1.
One can show that Re c(v2
†
cv1) = |v0|
2Re
(
Q¯(v2)Q(v1) −
˜¯Q(v2)Q˜(v1)
)
for v1, v2 ∈ ΠC
2
and that Q(Uv) = c(U)Q(v) and Q˜(Uv) = c(U)Q˜(v) for U ∈ SU(2) and v ∈ ΠC2. From
here, using the relations (2.2), (2.8), (2.9) and (2.44) and the definition (4.30), one gets
the above result. QED
The classical field equations of Ψ are [15]
γaea
jDjΨ = 0. (4.38)
In terms of ψ±, they read simply as
ψ+∂¯R = 0, ∂¯Lψ
− = 0. (4.39)
Hence, ψ+ (ψ−) is right (left) Fueter holomorphic. See the discussion of section 3 concern-
ing the solutions of these equations.
The energy–momentum tensor of the Dirac fermion Ψ is [15]
Ta(Ψ,Ψ
†
c, e
∨) = Re c
{ 1
2i
Ψ†c
[
γbe
∨
bjea
kDk + γaDj (4.40)
−
1
2
e∨ajγbeb
kDk +
1
2
[γa, γc]e
∨
cjγbeb
kDk
]
Ψ
}
dxj .
6 The relative minus sign is due to the anticommuting nature of the fields Ψ±.
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It is straightforward though a bit lengthy to check that (4.8) holds. The conformally
invariant energy–momentum tensor T can be computed. One finds
T (ψ+, ψ−, ψ˜+, ψ˜−) =
|v0|
2
4
{
− ψ˜−dψ+ + ψ−dψ˜+ + dψ˜−ψ+ − dψ−ψ˜+ (4.41)
+ dq¯
( ˜¯ψ+ψ¯− − ψ¯+ ˜¯ψ−)∂qR + (ψ−ψ˜+ − ψ˜−ψ+)∂q¯Rdq¯
+
3
2
(
∂qLψ¯+
˜¯ψ− − ∂qL
˜¯ψ+ψ¯− + ψ˜−ψ+∂q¯R − ψ−ψ˜+∂q¯R
)
dq¯
+
1
2
dq¯
(
ψ¯+
˜¯ψ−∂qR −
˜¯ψ+ψ¯−∂qR + ∂q¯Lψ˜−ψ+ − ∂q¯Lψ−ψ˜+
)}
=
|v0|
2
4
{
− ψ˜−dψ+ + ψ−dψ˜+ + dψ˜−ψ+ − dψ−ψ˜+
− ∂qL
( ˜¯ψ+ψ¯− − ψ¯+ ˜¯ψ−)dq¯ − dq¯∂q¯L(ψ−ψ˜+ − ψ˜−ψ+)
−
1
2
(
∂qLψ¯+
˜¯ψ− − ∂qL
˜¯ψ+ψ¯− + ψ˜−ψ+∂q¯R − ψ−ψ˜+∂q¯R
)
dq¯
−
3
2
dq¯
(
ψ¯+
˜¯ψ−∂qR −
˜¯ψ+ψ¯−∂qR + ∂q¯Lψ˜−ψ+ − ∂q¯Lψ−ψ˜+
)}
.
We have checked that T fulfills (4.10) and that (4.11) and (4.12) hold, when the ψ±
fulfills the field equations (4.39). For a field configuration ψ± satisfying (4.39), the terms
proportional to dq¯ vanish identically, simplifying the above expressions.
The Dirac action has an obvious U(1) symmetry. The corresponding U(1) current is
J (Ψ,Ψ†c, e
∨) = Ψ†cγae
∨
ajΨdx
j . (4.42)
It is easy to see that (4.17) is fulfilled with
J(ψ+, ψ−, ψ˜+, ψ˜−) = |v0|
2Re
(
iψ˜+dqψ− + iψ+dqψ˜−
)
. (4.43)
J satisfies (4.18), when the ψ± satisfies the field equations (4.39).
5. Quantum 4–dimensional conformal field theory and Kulkarni geometry
In this section, we consider first some general properties of a conformal quantum field
theory on a Kulkarni 4–fold X concentrating on the quantum energy–momentum tensor.
We then analyze the properties of the operator product expansions for the simple free
models studied in the previous section.
Below, we shall assume that X is compact.
In a quantum 4–dimensional conformal field theory, the local classical action I(Φ, e∨)
is affected by quantum corrections. The resulting effective action Ie(Φ, e
∨) is a non local
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functional of Φ and e∨a. In general, Ie(Φ, e
∨) is no longer conformally invariant but, con-
versely, suffers an additive conformal anomaly. We assume that, for any smooth function
f ,
Ie(e
−fΛΦ, efe∨) = IR(f, e
∨) + Ie(Φ, e
∨), (5.1)
where IR(f, e
∨) is the Riegert action, which is local and independent from Φ [16–17].
The quantum energy–momentum tensor
One can define the energy–momentum tensors Tea(Φ, e
∨) and TRa(f, e
∨) for the actions
Ie and IR in the same way as done in the classical case: δe∨Ie = −
1
2pi2
∫
X
〈Tea, δea〉 ∗1 and
δe∨IR = −
1
2pi2
∫
X
〈TRa, δea〉 ∗1, where δe∨f = −
1
4δ ln e. Because of the conformal anomaly,
Tea and TRa do not satisfy a condition of tracelessness analogous to (4.4). However, since
invariance under the automorphism group of the orthonormal frame bundle is not anoma-
lous, Tea still satisfies (4.5) and (4.6) in the vacuum, i. e. at vanishing field configurations.
So, Tea|Φ=0 is symmetric,
Tea ∧ e
∨
a|Φ=0 = 0, (5.2)
and satisfies the Ward identity
(
d ∗ Tea + ωab ∧ ∗Teb)|Φ=0 = 0. (5.3)
TRa is also symmetric
TRa ∧ e
∨
a = 0, (5.4)
while its Ward identity reads
d ∗ TRa + ωab ∧ ∗TRb +
(1
4
dCR − CRdf
)
∧ ∗e∨a = 0, (5.5)
where the functional CR(f, e
∨) is defined by δfIR = +
1
2pi2
∫
X
CRδf ∗ 1 The origin of the
extra terms in the Ward identity (5.5) is easily understood. If IR were the classical action
of some automorphism invariant field theory, they would be absent for a field f satisfying
the classical field equation CR = 0 and (5.5) would be analogous to (4.6).
There is another piece of information that is relevant and does not follow directly from
(5.1). One has
CR(0, e
∨) = 0 on any open set of X where Rab = 0. (5.6)
This identity can be justified by noting that, on dimensional grounds, CR(0, e
∨) is the sum
of two contributions. The first is quadratic in the components of the Riemann 2–form Rab
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and the derived forms. The second is proportional to d ∗ ds, where s is the Ricci scalar.
Both contributions vanish in the regions where the background e∨a is flat.
Because of the anomalous breaking of conformal invariance in the quantum theory,
Tea does not satisfies a relation of the form (4.7) in the locally conformally flat background
of eq. (3.2) and therefore it does not have a structure like that exhibited in (4.8). However,
it is still possible extract from Tea a part Tei(φ) depending only on φ and the conformal
geometry of the base manifold X . Indeed,
Tea(Φ, e
∨) = e−3ϕ
[
δaiTei(φ) + LRa(ϕ, e
−ϕe∨)
]
, (5.7)
where
LRa = TRa +
1
4
CRe
∨
a. (5.8)
Since the action IR is local, TRa and CR are local expression in the fields f and e
∨
a involving
no integration on X . They are therefore defined also when f and e∨a are replaced by the
local scale ϕ and the local dual vierbein e−ϕe∨a. The covariance of the composite fields
obtained in this way is however quite different from the original one, as will be shown in
a moment. Now, one can verify that Tei(φ) is conformally invariant, as suggested by the
notation. Following (4.9), one sets
Te =
1
4
(Te0 − Terjr). (5.9)
Then, one can verify that Te is traceless:
Re
(
Teι(∂q¯)
)
= 0. (5.10)
Further, in the vacuum, i. e. when φ = 0, Te is symmetric and conserved, so that
Re
(
dq ∧ Te)|φ=0 = 0 (5.11)
and
d ⋆ Te|φ=0 = 0. (5.12)
Proof. We give only a sketch of the proof. By varying (5.1) with respect to f and e∨a, one
obtains
e3f 〈Tea(e
−fΛΦ, efe∨), ea〉 − CR(f, e
∨) = 0, (5.13)
e3fTea(e
−fΛΦ, efe∨)− Tea(Φ, e
∨)− TRa(f, e
∨)−
1
4
CR(f, e
∨)e∨a = 0. (5.14)
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From (5.1), it follows that the action IR satisfies the so called 1–cocycle relation
IR(f1 + f2, e
∨)− IR(f1, e
f2e∨)− IR(f2, e
∨) = 0, (5.15)
for any two smooth functions f1, f2. By varying this identity with respect to f1, f2 and
e∨a, one obtains
CR(f1 + f2, e
∨)− e4f2CR(f1, e
f2e∨) = 0, (5.16)
e3f2〈TRa(f1, e
f2e∨), ea〉+ CR(f2, e
∨) = 0, (5.17)
TRa(f1 + f2, e
∨)− e3f2TRa(f1, e
f2e∨)− TRa(f2, e
∨)−
1
4
CR(f2, e
∨)e∨a = 0. (5.18)
Define Ea(φ, ϕ, e
∨) = e3ϕTea(e
−ϕΛφ, e∨)−LRa(ϕ, e
−ϕe∨). Using (5.14) with Φ substituted
by e−ϕΛφ and (5.16) and (5.18) with f1, f2 and e
∨
a substituted by f , ϕ and e
−ϕe∨a,
respectively, one verifies that Ea(φ, ϕ + f, e
fe∨) = Ea(φ, ϕ, e
∨), showing the conformal
invariance of Ea(φ, ϕ, e
∨). Thus,
Tei(φ) = δia
[
e3ϕTea(e
−ϕΛφ, e∨)− LRa(ϕ, e
−ϕe∨)
]
(5.19)
depends only on φ and the background conformal geometry. Using (5.13) with Φ, f and
e∨a replaced by φ, ϕ and e
−ϕe∨a and (5.17) with f1, f2 and e
∨
a substituted by ϕ, 0 and
e−ϕe∨a, respectively, one verifies that δiaι(e
ϕea)Tei(φ) = CR(0, e
−ϕe∨). CR(0, e
−ϕe∨) = 0,
by (5.6), because, by (3.2), the local background e−ϕe∨a is flat. So, δiaι(e
ϕea)Tei(φ) = 0.
This relation yields (5.10) immediately upon using (5.9) and recalling (3.1) and (3.5).
Finally, from (5.2) and (5.4), we obtain the symmetry relation δiaTei(0) ∧ e
−ϕe∨a = 0.
From here, (5.11) follows upon using (5.9) and recalling (3.2) and (3.7). Next, by using
the symmetry relation (5.2) and the Ward identity (5.3) and exploiting relations (3.9) and
(3.17), one has
d ⋆
[
e3ϕTea(0, e
∨)
]
= eϕ
[
dϕ ∧ ∗Tea(0, e
∨) + d ∗ Tea(0, e
∨)
]
(5.20)
= eϕ〈Teb(0, e
∨), eb〉dϕ ∧ ∗e
∨
a.
From the Ward identity (5.5) with f and e∨a replaced by ϕ and e
−ϕe∨a, one deduces
further that
d ⋆ LRa(ϕ, e
−ϕe∨) = CR(ϕ, e
−ϕe∨)dϕ ∧ ⋆e−ϕe∨a. (5.21)
In deriving this relation, one uses that d⋆(e−ϕe∨a) = 0, by (3.2). Now, by (5.19), d⋆Tei(0)
is given by the difference of the left hand sides of eqs. (5.20) and (5.21), which vanishes
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by (5.13) with Φ, f and e∨a replaced by 0, ϕ and e
−ϕe∨a and by (3.2) and (3.9). Hence,
d ⋆ Tei(0) = 0. From here, using (5.9), (5.12) follows. QED
The above treatment is essentially a reformulation of the classic results of ref. [18] high-
lighting the connection with Kulkarni geometry.
As noticed earlier, Te does not transform as its classical counterpart under coordinate
changes. In fact, on Uα ∩ Uβ 6= ∅, one has
Teα = ζ3αβ
(
Teβ + ̺αβ
)
, (5.22)
where ζ3 is defined in (2.34) and
̺αβ =
1
4
[
LRβ0(dxβ, ln(|η
+
αβ |/|η
−
αβ |))− LRβe(dxβ, ln(|η
+
αβ|/|η
−
αβ|))je
]
. (5.23)
Proof. Set tαβ = ln(|η
+
αβ |/|η
−
αβ |). Then,
TRαa(ϕα, e
−ϕαe∨α) = e
3ϕα
[
TRαa(0, e
∨
α)− TRαa(−ϕα, e
∨
α) (5.24)
−
1
4
CR(−ϕα, e
∨
α)e
∨
αa
]
= e3ϕβ−3tαβrαβab
[
TRβb(0, e
∨
β)− TRβb(−ϕβ + tαβ, e
∨
β)
−
1
4
CR(−ϕβ + tαβ, e
∨
β)e
∨
βb
]
= e3ϕβ−3tαβrαβab
[
e−3ϕβTRβb(ϕβ , e
−ϕβe∨β) + TRβb(−ϕβ , e
∨
β)
+
1
4
CR(−ϕβ , e
∨
β)e
∨
βb − TRβb(−ϕβ + tαβ , e
∨
β)
−
1
4
CR(−ϕβ + tαβ, e
∨
β)e
∨
βb
]
= e−3tαβ rαβab
[
TRβb(ϕβ , e
−ϕβe∨β)− TRβb(tαβ, e
−ϕβe∨β)
−
1
4
CR(tαβ, e
−ϕβe∨β)e
−ϕβe∨βb
]
,
where rαβ is the same SO(4) valued function as that appearing in (3.38). Here, the first
identity is proven by applying (5.18) with f1, f2 and e
∨
a substituted by ϕα, −ϕα and
e∨αa, respectively. The second identity follows from (3.29), (3.38) and the relation
TRαa = rαβabTRβb (5.25)
analogous to (4.14). The third identity is proven by applying (5.18) with f1, f2 and e
∨
a
substituted by ϕβ , −ϕβ and e
∨
βa, respectively. The fourth and final identity is shown
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by applying (5.17) and (5.18) with f1, f2 and e
∨
a substituted by tαβ , −ϕβ and e
∨
βa,
respectively. Next, one has
CR(ϕα, e
−ϕαe∨α)e
−ϕαe∨αa = e
3ϕαCR(0, e
∨
α)e
∨
αa (5.26)
= e3ϕβ−3tαβrαβabCR(0, e
∨
β)e
∨
βb
= e−3tαβrαβabCR(ϕβ , e
−ϕβe∨β)e
−ϕβe∨βb.
The first identity is obtained by applying (5.18) with f1, f2 and e
∨
a substituted by ϕα,
−ϕα and e
∨
αa, respectively. The second identity follows from (3.29) and (3.38). The
third identity is proven by applying (5.17) with f1, f2 and e
∨
a substituted by ϕβ , −ϕβ
and e∨βa, respectively. Combining (3.27), (3.29), (3.39), (5.24) and (5.26) with (5.8) and
(5.19) and recalling (2.34), one checks easily that the matching relation of the TRα is given
by (5.22)–(5.23). QED
The compatibility of (5.22) and (5.10)–(5.12) entails the following relations
Re
(
̺αβι(∂q¯β)
)
= 0, (5.27)
Re(dqβ ∧ ̺αβ) = 0, (5.28)
d ⋆β ̺αβ = 0. (5.29)
Proof. The verification of () and () is completely straightforward. To show (), one has take
into account the fact that, if local quaternionic 1–forms να satisfy Re
(
ναι(∂q¯α)
)
= 0 and
Re(dqα ∧ να) = 0, then the equation d ⋆α να = 0 is covariant under the matching relation
να = ζ3αβνβ . QED
From (5.23), it appears that ̺αβ depends only on the underlying conformal geome-
try. So, the matching relation (5.22) is completely analogous to that of the conformally
invariant energy–momentum tensor in 2–dimensional conformal field theory and ̺αβ is a
4–dimensional generalization of the Schwarzian derivative.
The form of the conformal anomaly [19–20] is determined up to a term of the form
δK(e∨), where δ denotes variation with respect to the scale of e∨a and K(e
∨) is a local
functional of e∨a. The form of the anomaly can be rendered simpler by means of a
convenient choice of K. A further simplification is yielded by the local conformal flatness
of the background e∨a of eq. (3.2), which makes the contribution containing the square of
the Weyl tensor vanish identically. In this way the conformal anomaly can be cast as
δIe =
κ
128π2
∫
X
[
32π2ǫ−
2
3
d ∗ ds
]
〈δe∨a, ea〉, (5.30)
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where ǫ is the Euler density, defined above (3.25), and s is the Ricci scalar. κ is a real
coefficient called central charge. In fact, the expression of the anomaly is simpler than it
looks at first glance. A detailed calculation, exploiting the local conformal flatness of e∨a,
shows that it can be written in the form
δIe =
32κ
π2
∫
X
⋆ ϕδϕ, (5.31)
where = 1
16
d ⋆ d is the D’Alembert operator. In this form, the similarity with the
standard 2–dimensional case is apparent. As a byproduct, we learn also that ⋆ ϕ
belongs to Ω4(X), an interesting geometric result.
The Riegert action corresponding to the anomaly (5.19) is given by [16–17]
IR(f, e
∨) =
κ
16π2
∫
X
[
d ∗ df ∧ ∗d ∗ df −
2
3
sdf ∧ ∗df (5.32)
+ 2ea(f)Sa ∧ ∗df +
(
16π2ǫ−
1
3
d ∗ ds
)
f
]
.
In the locally conformally flat background e∨a of eq. (3.2), IR can be written as
IR(f, ϕ) =
32κ
π2
∫
X
[1
2
f ⋆ f + ⋆ ϕf
]
. (5.33)
When written in this form, the resemblance of the 4–dimensional Riegert action and the
well–known 2–dimensional Liouville action is striking. The calculation shows also that
⋆ is a globally defined differential operator of order 4 mapping Ω0(X) into Ω4(X) 7.
It is now straightforward though quite tedious to compute Te. Set
P (f) = 4df∂q ⋆ f + 4∂qfd ⋆ f −
1
12
d∂q ⋆ (df ∧ ⋆df) (5.34)
+
1
2
dxi ⋆ (d∂xif ∧ ⋆d∂qf)− 8d∂qf ⋆ f −
4
3
d∂q ⋆ f
+ dq¯
[
8(⋆ f)2 −
1
6
⋆ ⋆ (df ∧ ⋆df) +
16
3
⋆ ⋆ f
]
.
Then, Te(φ) is given by
Te(φ) = e
3ϕTe(e
−ϕΛφ, e∨)− κP (ϕ), (5.35)
7 This operator, as many others, could have been included in the list of the natural
differential operators of a Kulkarni 4–fold studied in section 2. To keep the size of this
paper reasonable, we decided to limit our discussion to and ∂¯R,L.
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where Te =
1
4 (Te0−Teeje). The 4–dimensional Schwarzian derivative ̺αβ defined in (5.23)
is given explicitly by
̺αβ = κPβ(ln(|η
+
αβ |/|η
−
αβ |)). (5.36)
The operator product expansions
We shall now analyze the structure of the operator product expansions for the simple
free models studied in section 4.
Consider the complex boson Φ described by the action (4.19). The quantum theory is
best formulated in terms of the conformally invariant field φ governed by the action (4.21).
Inside normalized conformally invariant quantum corelators, the classical field equations
(4.23) hold up to contact terms
φ = 0 up to contact terms. (5.37)
Hence, the corelators are harmonic in the insertion points of the field φ and its complex
conjugate, provided such points remains distinct. Since a real harmonic function can be
expressed as the real part of a Fueter holomorphic function [7], Fueter analyticity is relevant
in this model. From the form of the action (4.21), it follows in particular that
−
8
π2
φ(q2) 1φ¯c(q1) = δ
4(q2 − q1) ⋆ 12, (5.38)
−
8
π2
2φ(q2)φ¯c(q1) = δ
4(q2 − q1) ⋆ 11.
This relation can be easily integrated on a given coordinate patch, yielding
φ(q2)φ¯c(q1) =
1
2|q2 − q1|2
+ regular harmonic terms. (5.39)
Proof. From distribution theory, one can show easily that ∂q¯∂q|q − q0|
−2 = −pi
2
4
δ4(q − q0)
in D′(H). Further, it is known [7] that there is no singular harmonic function less singular
than |q − q0|
−2. QED
Consider the Dirac fermion Ψ described by the action (4.28). It is more convenient to
formulate the quantum theory in terms of the conformally invariant fields ψ± governed by
the action (4.35). (We assume |v0| = 1 here for the sake of simplicity). Inside normalized
conformally invariant quantum corelators, the classical field equations (4.39) hold up to
contact terms
ψ+∂¯R = 0, ∂¯Lψ
− = 0 up to contact terms. (4.39)
Hence, the quantum corelators are right (left) Fueter holomorphic in the insertion points
of the field ψ+ (ψ−), provided such points do not coincide. This statement must carry
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a warning. Since the fields ψ± and the Fueter operators ∂¯R,L are valued in the non
commutative quaternion field, the statement holds provided ∂¯R (∂¯L) acts on ψ
+ (ψ−)
within the corelators. The above shows the relevance of Fueter analyticity in the present
fermionic model. From the form of the action (4.35), it follows in particular that
2
π2
ψ−(q2)ψ˜
+(q1)∂¯R1 = δ
4(q2 − q1)dq¯2, (5.41)
2
π2
∂¯L2ψ
−(q2)ψ˜
+(q1) = δ
4(q2 − q1)dq¯1.
This relation can be integrated on any given coordinate patch, producing
ψ−(q2)ψ˜
+(q1) =
q¯2 − q¯1
|q2 − q1|4
+ terms right (left) Fueter holomorphic in q1 (q2). (5.42)
Proof. From distribution theory, one knows that [(q¯− q¯0)|q− q0|
−4]∂q¯R = ∂q¯L[(q¯− q¯0)|q−
q0|
−4] = pi
2
2
δ4(q− q0) in D
′(H). Further, it is known [7] that there is no singular left/right
Fueter analytic function that is less singular than (q¯ − q¯0)|q − q0|
−4. QED
The above analysis shows that Fueter analyticity provides useful information on the
structure of the operator product expansions of free fields. It remains to be seen if this
will be of any help in computations.
6. Conclusions and outlook
In the first part of this paper, we have tried to formulate the theory of Kulkarni 4–
folds in a way that parallels as much as possible the customary formulation of the theory of
Riemann surfaces, highlighting in this way their analogies. This has been possible thanks
to the existence of an integrable quaternionic structure and of an associated natural notion
of analyticity, Fueter analyticity. We have also seen that a Kulkarni 4–folds is equipped
with a canonical conformal equivalence class of locally conformally flat metrics and that
the Riemannian geometry of such metrics is particularly simple.
In the second part of the paper, we have argued that Kulkarni geometry is the natural
geometry of 4–dimensional conformal field theory by showing that the action functional,
the field equations, the energy–momentum tensor and its Ward identity and the operator
product expansions take a simple form for a conformal field theory on a Kulkarni 4–fold.
We have not analyzed yet the implications of the geometric setting on the opera-
tor product expansion of the energy–momentum tensor. This matter is left for future
work [21]. We believe in fact that the customary energy–momentum tensor, describing
the response of the system to an arbitrary variation of an arbitrary background metric,
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might not be the relevant geometric field. One should consider instead a modified energy–
momentum tensor representing the response of the system to an arbitrary variation of an
arbitrary locally conformally flat background metric preserving local conformal flatness.
This would be the true analogue of the energy–momentum tensor of 2–dimensional con-
formal field theory, as for a 4–fold admitting locally conformally flat metrics, unlike for
a 2–fold, not all metrics are automatically locally conformally flat. One may speculate
that the improved energy–momentum tensor just described might obey operator product
expansion of universal form as in 2 dimensions. This remains to be seen. In any case,
to carry out the above project requires the elaboration of the Kulkarni analogue of the
Beltrami parametrization of conformal structures, a major mathematical task in itself with
ramifications also in geometry.
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